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Distributed Resource Allocation for Multi-Agent
Networks

Ola Shorinwa and Mac Schwager

Abstract— We present a distributed algorithm for
resource allocation problems where each agent computes
its optimal resource allocation locally without knowing the
resource allocation, objective, and constraints of other
agents, guaranteeing the privacy of each agent’s local
data and resource allocation. Each agent communicates
with its neighbors over a point-to-point communication
network to satisfy the coupling constraints on the resource
allocations of all agents. Our distributed algorithm,
derived from the dual formulation of the problem
using the consensus alternating direction method of
multipliers, applies to resource allocation problems with
both convex equality and inequality coupling constraints.
As such, unlike many other distributed resource allocation
methods, our distributed algorithm is not limited to
problems with affine coupling constraints. In addition,
our algorithm does not require a feasible initialization of
the resource allocations for convergence to an optimal
resource allocation. We demonstrate faster empirical
convergence of our distributed algorithm to the optimal
resource allocation compared to other distributed resource
allocation algorithms, with our algorithm converging in
about two orders of magnitudes fewer communication
rounds.

Index Terms— Distributed Resource Allocation,
Distributed Optimization, Resource Sharing, Multi-Agent
Systems.

I. INTRODUCTION

RESOURCE allocation problems arise in a variety of
applications where groups of agents share a given

resource pool to perform their specified tasks, with examples in
collaborative target tracking and multi-agent delivery networks.
Other applications arise in wireless communications [1]–[4]
and economic dispatch of power systems [5]–[7]. Given the
limits on the availability of each resource, efficient utilization
of the available resources requires coordination among the
agents. Such coordination often occurs at a central station
which collects all relevant problem information from each
agent to compute an optimal allocation of the finite resources.
However, these methods suffer from poor scalability to larger
groups of agents, considering the inherent communication
and computation overhead required by these methods. Further,
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centralized methods lack robustness to failures as reliance on
a central station predisposes the network of agents to a single
point of failure at the central station.

Distributed resource allocation methods circumvent these
challenges by enabling each agent to compute its optimal
resource allocation locally, rather than at a central station.
Each agent does not share its local resource allocations with
other agents, particularly valuable in competitive scenarios
where sharing this information can prove detrimental to an
agent. However, many existing distributed methods require
each agent to have some global information on the local
objective functions of all agents, such as the gradient Lipschitz
constant of the objective function, and in some cases on the
coupling constraints involving the resource allocations of all
agents [8]–[11]. In many situations, obtaining this information
in a distributed manner proves challenging, hindering the
application of these methods.

A. Contributions

Noting some of the aforementioned limitations of existing
distributed methods for resource allocation, we derive a
distributed algorithm which addresses these limitations. Our
contributions are as follows:
• We provide an algorithm for distributed resource allocation

for multi-agent systems (D-RAMS), enabling each agent to
compute an optimal resource allocation in convex problems,
which satisfies its local constraints, as well as the coupling
constraint on the allocations of all agents, without sharing
its local data including its local objective, constraints, and
resource allocation. While communicating its local dual
variables with other neighboring agents over a point-to-
point communication network, each agent computes an
optimal dual solution, in addition to an optimal resource
allocation. Notably, our algorithm does not require knowledge
of any form of global information by each agent for its
implementation.

• Moreover, under typical conditions of strong convexity of the
local objective functions with Lipschitz continuous gradients,
our method attains linear convergence of the dual variables to
the optimal dual solution, in addition to linear convergence of
the resource allocations of all agents to the optimal resource
allocation.

• Further, we demonstrate faster empirical convergence of
our algorithm compared to a number of other distributed
algorithms for the resource allocation problem. Specifically,
our algorithm requires about two orders of magnitude fewer
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communication rounds to converge to the optimal resource
allocation compared to the best competing distributed
resource allocation algorithms [12]–[14] in our simulation
studies, with a convergence threshold of 1e−4.

II. RELATED WORK

Resource allocation problems have been solved through
center-free methods, a class of distributed subgradient methods
where neighboring agents exchange their local subgradients to
update their local resource allocations [15]–[17]. In general,
these methods exhibit O(1/k) convergence rates, with linear
convergence for strongly convex objective functions that are
Lipschitz smooth. However, these methods require the initial
resource allocations of all agents to satisfy the coupling
constraint on the agents’ allocations, posing a significant
challenge.

Dual decomposition methods formulate the optimization
problem in its dual form and compute the optimal dual
solutions from which the optimal resource allocations can
be obtained assuming strong duality holds [22]–[25]. However,
updates to the dual variables through dual ascent depend
on the resource allocations of all agents, and thus require
a central station [26]. Distributed dual decomposition methods
enable each agent to compute the dual variables locally and
enforce agreement among all the local dual variables through
a linear consensus [12], [19] or push-sum consensus [27]
scheme, with a convergence rate of O(ln(k)/

√
k) to the optimal

resource allocation where k represents the number of iterations.
For a faster O(1/k) convergence rate, some methods apply
gradient-tracking schemes which involve linear consensus
on the subgradients [8], [21], while others utilize Nesterov
accelerated gradient ascent in the dual update [20].

The consensus alternating direction method of multipliers
(C-ADMM) [28] has been applied to the dual formulation
of resource allocation problems in [29] with an O(1/k)
convergence rate. In this method, each agent relaxes its local
affine inequality constraints and maintains additional slack and
dual variables for these local constraints. Considering that the
distributed algorithm in [29] applies only to problems with
affine equality coupling constraints, the dual-based C-ADMM
algorithm in [30] extends the method in [29] to problems
where the affine coupling constraint lies in a nonempty, closed,
and convex cone, including problems with affine inequality
coupling constraints. However, both algorithms remain limited
to resource allocation problems with affine coupling constraints.
In addition, the authors of [30] do not provide the convergence
rate of their algorithm. The Tracking-ADMM algorithm in
[31] blends ADMM with gradient tracking schemes to allow
for fully distributed update procedures. However, like [29],
[30], the Tracking-ADMM algorithm [31] is not amenable to
problems with inequality constraints. Under the assumption of
strongly convex and smooth objective functions, the distributed
algorithms based on gradient tracking [8], [21] provide a linear
convergence rate.

Distributed primal-dual methods iteratively update each
agent’s resource allocation through gradient descent and its
dual variables through gradient ascent [9], [32], [33], with a

subsequent orthogonal projection of the resource allocations
and dual variables to satisfy local constraints. Like dual
decomposition methods, primal-dual approaches require strong
duality for convergence to a saddle-point of the problem. In
some primal-dual methods, each agent maintains a copy of
the resource allocations of all agents [10], creating significant
computation and communication challenges as the number
of agents involved in the problem grows. Other primal-
dual methods provide better scaling performance by enabling
each agent to only compute its resource allocation and dual
variables with a convergence rate of O(1/

√
k) [13]. By

utilizing accelerated gradient descent schemes, some primal-
dual methods achieve a faster convergence rate of O(1/k) [34].
In [14], [35], each agent updates its local variables using a
primal-dual algorithm based on [36] which bears some relations
to proximal-point methods such as the alternating direction
method of multipliers, with an O(1/k) convergence rate. The
primal-dual method in [18] introduces surplus variables to
allow for the satisfaction of the coupling constraint between
the agents’ resource allocations. However, this method requires
a feasible initialization with respect to the coupling constraint,
posing a challenge. Other primal-dual methods introduce
perturbations in the update procedures where each agent updates
its primal and dual variables using perturbed subgradients [11],
with less stringent assumptions required for convergence to the
saddle points of the problem.

We derive our method by applying C-ADMM to the dual
problem, under the typical condition that strong duality holds.
While some distributed methods require knowledge of the
Lipschitz constant of the objective function [8], [9], [17], [20]
and others require knowledge of a common vector satisfying
Slater’s condition by each agent [10], [11] which poses
challenges for networks of distributed agents, our method does
not require knowledge of any global information. Further, our
method applies to resource allocation problems with any set
of local convex constraints, while many distributed methods
only consider problems with no local constraints [9], [17] and
problems with local box constraints [18]. Moreover, our method
applies to both equality and inequality coupling constraints on
the resource allocations, unlike many distributed methods which
apply only to problems with an equality coupling constraint
[8], [18], [19].

Table I summarizes the convergence rates and requirements
imposed by a number of notable distributed algorithms for
resource allocation problems, as well as the classes of problems
amenable to these algorithms, in comparison to our distributed
algorithm. The paper proceeds as follows: We introduce
the resource allocation problem in Section IV including
local constraints for each agent. In Section V, we derive a
distributed method for the resource allocation problem and
prove convergence to the optimal solution. We demonstrate
our method in resource allocation problems where the resource
allocation of each agent must satisfy its local constraints in
addition to problems without local constraints, comparing its
performance to those of other distributed methods in Section
IX. We conclude in Section X.
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TABLE I
A SUMMARY OF THE REQUIREMENTS, CONVERGENCE RATES, AND CLASSES OF PROBLEMS AMENABLE TO SOME NOTABLE DISTRIBUTED ALGORITHMS

FOR RESOURCE ALLOCATION PROBLEMS IN COMPARISON TO OUR DISTRIBUTED ALGORITHM. THE BOOLEAN ENTRIES INDICATE IF A SPECIFIC

ALGORITHM IS AMENABLE TO PROBLEMS WITH A LOCAL CONSTRAINT OR REQUIRES KNOWLEDGE OF THE LIPSCHITZ CONSTANT OF THE OBJECTIVE

FUNCTION AT INITIALIZATION OF THE ALGORITHM. WE DENOTE A MISSING ENTRY BY “-" WHEN THE REQUIRED INFORMATION IS NOT PROVIDED BY

THE AUTHORS OF THE ALGORITHM IN THEIR PAPER.

Algorithm Coupling Constraint Local Constraint Convergence Rate Lipschitz Constant Req.

[18] Equality 3(Box) - 7
[8] Equality 3 Linear X
[19] Equality 3 Sub-linear, O(ln(k)/

√
k) 7

[17] Equality 7 Linear 3
[20] (In)Equality 3 Sub-linear, O(1/k) 3
[14] (In)Equality 3 Sub-linear, O(1/k) 3
[21] Equality 3 Linear 3
[12] (In)Equality 3 Sub-linear 7

Ours (In)Equality 3 Linear 7

III. NOTATION AND PRELIMINARIES

We denote the weighted norm xTWx as ‖·‖2W with W > 0
and represent the cardinality of a set D as D . Likewise,
σmax(A) denotes the maximum non-zero singular value of
matrix A, with σmin(A) denoting its minimum non-zero
singular value. We denote the domain of a function f as
dom(f) and the identity matrix as In ∈ Rn×n. We denote
the subdifferential of a scalar-valued function f : Rn → R at
x ∈ Rn as ∂f(x). When f is differentiable, we denote the
gradient of f at x by ∇f(x), and the Jacobian of a vector-
valued function f at x as Jf (x).

Definition 1 (Q-Linear Convergence). Given that a sequence
{xk} converges to a stationary point x?, we describe linear
convergence of {xk} as Quotient-linear (Q-linear) if there
exists β ∈ (0, 1) with∥∥xk+1 − x?

∥∥
‖xk − x?‖

≤ β.

Definition 2 (R-Linear Convergence). We describe linear
convergence of the sequence {xk} to a stationary point x? as
Root-linear (R-linear) if∥∥xk+1 − x?

∥∥ ≤ pk, (1)

and {pk} converges to zero Q-linearly.

Definition 3 (Closed Function). A function f is closed if, for
each α ∈ R, the set {x ∈ dom(f) | f(x) ≤ α} is closed.

Definition 4 (Strongly Convex Function). A subdifferentiable
function f : Rn → R is λ-strongly convex if there exists a
constant λ > 0 such that

f(y) ≥ f(x) + hT(y − x) + λ ‖y − x‖22 (2)

for all x, y ∈ dom(f) and h ∈ ∂f(x) is a subgradient of f
at x.

Definition 5 (Lipschitz Continuous Function). A function
f : Rn → Rm is a λ-Lipschitz continuous function if there
exists a constant λ such that

‖f(x)− f(y)‖22 ≤ λ ‖x− y‖
2
2 (3)

for all x, y ∈ dom(f).

Definition 6 (Smooth Function). A function f : Rn → Rm is
λ-Lipschitz smooth if f is continuously differentiable and has
Lipschitz continuous gradients, i.e., there exists a constant
λ > 0 such that

‖∇f(x)−∇f(y)‖22 ≤ λ ‖x− y‖
2
2 (4)

for all x, y ∈ dom(f).

Communication Network
We represent the communication network between the agents

as an undirected graph G = (V, E) with a set of vertices
V = {1, · · · , N}, consisting of N agents, and a set of edges
E ⊆ V × V , where the edges in E denote a communication link
between a pair of agents. We denote the neighbor set of agent
i, which consists of agents which share a communication link
with agent i, as Ni.

IV. PROBLEM FORMULATION

We consider a resource allocation problem among a group
of N agents, given by

minimize
x

N∑
i=1

fi(xi)

subject to
N∑
i=1

gi(xi) ≤ 0

hi(xi) = 0 ∀i ∈ V
ri(xi) ≤ 0 ∀i ∈ V

(5)

where xi ∈ Rni denotes the resource allocation of agent i,
fi : Rni → R represents the objective function of agent i,
gi : Rni → Rm represents the constraint function coupling
the resource allocation of agent i to the allocations
of all the agents, and x = [xTi ,∀i ∈ V]T denotes the
concatenation of the resource allocations of all agents.
In addition, the resource allocation of agent i must
satisfy its local constraints specified by hi : Rni → Rai and
ri : Rni → Rbi . We denote the feasible set of agent i’s
resource allocation as Xi = {xi | hi(xi) = 0, ri(xi) ≤ 0}, with
X = X1 ×X2 × · · · × XN denoting the feasible set of the
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resource allocations of all agents. We denote the composite
objective function and composite coupling constraint function
as

f(x) =

N∑
i=1

fi(xi), g(x) =

N∑
i=1

gi(xi), (6)

respectively. In this work, we assume that the objective and
coupling constraint functions are convex, with the additional
assumption that Xi represents a convex set, ∀i ∈ V . These
assumptions guarantee convexity of the resource allocation
problem in (5). Note that this formulation encompasses
most resource allocation problems, including problems with
equality coupling constraints. Problems with equality coupling
constraints can be readily transformed into the same form as (5)
by replacing the equality constraint with the pair of inequalities
≥ and ≤.

V. DISTRIBUTED RESOURCE ALLOCATION

Noting the significant computational and communication
challenges faced by centralized methods in solving (5), we
derive a distributed method for the resource allocation problem.
We assume subdifferentiability of the objective and coupling
constraint functions.

Assumption 1. The objective function fi and coupling
constraint function gi are subdifferentiable convex
functions, ∀i ∈ V .

From Assumption 1, the subdifferentials of the objective and
coupling constraints functions are non-empty. Note that we
do not require differentiability of the objective and coupling
constraint functions. In addition, we assume that Slater’s
condition applies to the problem in (5).

Assumption 2 (Slater’s Condition). A feasible resource
allocation x̃ exists in the relative interior of X ∩ dom(f)
and satisfies

∑N
i=1 gi(x̃i) ≤ 0 for affine components of gi(·)

and
∑N
i=1 gi(x̃i) < 0 for all other components.

The existence of a resource allocation satisfying Slater’s
condition indicates that strong duality holds, i.e., a saddle-point
exists, and the set of dual solutions is non-empty. Moreover,
we assume that the dual optimal value is attained.

We obtain the Lagrangian of the resource allocation problem
(5) given by

L(x, y) =

N∑
i=1

fi(xi) +

N∑
i=1

yTgi(xi) (7)

where y ∈ Rm denotes the dual variable for the coupling
constraint on the resource allocations of all agents with y ≥ 0
and x ∈ X . The dual function for the Lagrangian is given by

v(y) = inf
x
L(x, y) (8)

which simplifies to

v(y) = inf
x∈X

N∑
i=1

(
fi(xi) + yTgi(xi)

)
(9)

for the Lagrangian (7). From separability of x, the dual function
can be expressed as

v(y) =

N∑
i=1

inf
xi∈Xi

{
fi(xi) + yTgi(xi)

}
(10)

which highlights the separable structure of the dual function,
with coupling arising from the common dual variable. In the
special case with affine coupling constraints given by

gi(xi) = Cixi − di, (11)

where Ci ∈ Rm×ni and d ∈ Rm, we can express the dual
function in (10) as

v(y) =

N∑
i=1

(
−f?i (−CT

i y)− yTdi
)

(12)

where f?i denotes the Fenchel conjugate of fi, with

f?i (y) = sup
xi∈Xi

{
yTxi − fi(xi)

}
. (13)

The dual problem consists of maximizing the dual function,
described by

maximize
y∈Y

N∑
i=1

φi(y) (14)

where Y denotes the feasible set of the dual problem, i.e.,
Y = {y | y ≥ 0}, and φi(y) = inf

xi∈Xi

{
fi(xi) + yTgi(xi)

}
.

Given the existence of a saddle-point for the resource
allocation problem (5),

L(x?, y) ≤ L(x?, y?) ≤ L(x, y?) (15)

for any feasible pair of resource allocation x and dual variable
y where

x? ∈ arginf
x∈X

L(x, y?) and y? ∈ argsup
y∈Y

L(x?, y). (16)

Since strong duality holds, we can solve the dual optimization
problem (14) to obtain an optimal dual solution and
subsequently recover an optimal primal solution for the resource
allocation problem in (5). However, the dual problem (14)
involves the global dual variable y, which is unavailable to any
individual agent. To derive a distributed method for computing
the dual variable, we assign a local copy of the dual variable to
each agent with a local equality constraint between neighboring
agents to ensure that all agents compute the same dual variables.
In addition, we express the dual function in terms of these
local copies with

v(y) =

N∑
i=1

φi(yi). (17)

With this approach, the agents compute their dual variables
from the resulting problem described by

maximize
y∈Y

N∑
i=1

φi(yi)

subject to yi = yj ∀(i, j) ∈ E
(18)

where agent i computes only yi ∈ Rm and y = [yTi ,∀i ∈ V]T

denotes the concatenation of the local dual variables of all
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agents. Note that the equality constraint between the local dual
variables only exists between neighboring agents, represented
by the edges in E .

Proposition 1. The dual problem in (18) is equivalent to the
original problem in (14) with the same optimal solution and
optimal objective value.

Proof. Since the communication graph G is connected, each
agent shares an equality constraint on its local dual variable
with at least one other agent. At any feasible y in (18), all the
agents have the same local dual variables, with the objective
function in (18) simplifying to the same objective function in
(14). As a result, since the optimization problems in (18) and
(14) have the same feasible set, both problems have the same
optimal solution with the same optimal objective value.

While typical dual decomposition and primal-dual methods
update the dual variables through gradient ascent, we derive
update procedures for the dual variables using C-ADMM [28].
We introduce local slack variables α and γ into the equality
constraints in (18), resulting in the problem

maximize
y∈Y

N∑
i=1

φi(yi)

subject to yi = αij ∀(i, j) ∈ E
yj = γij ∀(i, j) ∈ E
αij = γij ∀(i, j) ∈ E

(19)

where αij ∈ Rm denotes the local slack variable of agent i
and γij ∈ Rm denotes the local slack variable of agent j for
the equality constraint between the pair of neighboring agents
i and j to allow for separability of the augmented Lagrangian
of the dual problem in (19), which is given by

La(y, α, γ, u, w) =

N∑
i=1

φi(yi)

−
∑

(i,j)∈E

(
uTij (yi − αij) + wT

ij (yj − γij)
)

− ρ

2

∑
(i,j)∈E

(
‖yi − αij‖22 + ‖yj − γij‖22

)
(20)

where uij ∈ Rm and wij ∈ Rm denote Lagrange multipliers
for the equality constraints on yi and yj in (19). In addition,
we do not relax the equality constraints between α and γ
and the constraint y ∈ Y . Rather, we enforce these constraints
in deriving the update procedures for these variables. The
augmented Lagrangian includes the extra quadratic terms on
the violations of the constraints between corresponding slack
variables, with ρ defining a penalty weighting the contributions
of these violations to the augmented Lagrangian. When all
agents compute the same values of y, the contribution of these
quadratic terms vanishes.

In our distributed algorithm, the agents update y and the
slack variables as the maximizers of the augmented Lagrangian
using the Lagrange multipliers at the previous iteration, before
updating the Lagrange multipliers through gradient descent,
in an alternating manner, where the update to y precedes the

update of the slack variables. With this update scheme, agent
i updates its local dual variable yi using

yk+1
i ∈ argmax

yi∈Y

{
φi(yi)−

∑
j∈Ni

(
ukij + wkji

)T
yi

− ρ

2

∑
j∈Ni

(∥∥yi − αkij∥∥22 +
∥∥yi − γkji∥∥22)}

(21)
at iteration k. The update procedure for the slack variables
simplifies to

αk+1
ij = γk+1

ij =
1

2

(
yk+1
i + yk+1

j

)
, (22)

when the Lagrange multipliers are initialized with
u0ij = w0

ij = 0, ∀(i, j) ∈ E .
Likewise, the update procedures for the Lagrange multipliers

simplify to

uk+1
ij = ukij +

ρ

2

(
yk+1
i − yk+1

j

)
(23)

and
wk+1
ij = wkij +

ρ

2

(
yk+1
j − yk+1

i

)
(24)

using (22), with ukij = −wkij at all iterations k. The closed-
form solutions for αkij and γkij enable us to further simplify
the optimization problem in (21), resulting in

yk+1
i ∈ argmax

yi∈Y

{
φi(yi)− qkTi yi

− ρ
∑
j∈Ni

∥∥∥∥yi − yki + ykj
2

∥∥∥∥2
2

} (25)

where
qki =

∑
j∈Ni

(
ukij + wkji

)
(26)

combines the Lagrange multipliers u and w, with its associated
update procedure given by

qk+1
i = qki + ρ

∑
j∈Ni

(
yk+1
i − yk+1

j

)
(27)

at iteration k.
With the simplified procedures in (29) and (27), each agent

does not compute the slack variables α and γ and the Lagrange
multipliers u and w. We provide additional details on the
derivations of the update procedures in the Appendix.

The update procedure for the dual variable yi requires solving
the optimization problem

maximize
yi∈Y

minimize
xi∈Xi

{
fi(xi) + yTi gi(xi)− qkTi yi

− ρ
∑
j∈Ni

∥∥∥∥yi − yki + ykj
2

∥∥∥∥2
2

} (28)

which represents a min-max optimization problem over the
variables xi and yi. Although min-max optimization problems
are difficult to solve generally, we can leverage the existence
of a saddle-point to derive a closed-form solution for yi by
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swapping the order of the optimization problems in (28). The
resulting closed-form solution for yi at iteration k is given by

yk+1
i =

1

2ρ Ni
max

(
0, ψki

(
xk+1
i

))
(29)

with

ψki (xi) = gi(xi)− qki + ρ
∑
j∈Ni

(
yki + ykj

)
(30)

where agent i computes xk+1
i as the solution to the problem

minimize
xi∈Xi

{
fi(xi) +

1

4ρ Ni
∥∥max(0, ψki (xi))

∥∥2
2

}
(31)

at iteration k. Note that the minimization problem represents
a convex optimization problem, from convexity of fi and gi.
We provide more details on the derivation of the closed-form
update procedures for yi in the Appendix. In deriving our
distributed algorithm, we relax the local equality constraints on
the dual variables maintained by each agent. Consequently, the
values of these local copies may not be equal at an intermediate
iteration, before an optimal solution is computed. However,
upon convergence of our algorithm, which we discuss in Section
VI, the local copies of the dual variable satisfy the local equality
constraints and, thus, have the same values.

We outline our algorithm for distributed resource allocation
problems in Algorithm 1.

Algorithm 1: Distributed Resource Allocation for
Multi-Agent Systems (D-RAMS)
Initialization:
x0i ∈ Rni , y0i ∈ Rm ∀i ∈ V
q0i ← 0 ∀i ∈ V
k ← 0

do in parallel ∀i ∈ V
xk+1
i ← Procedure (31)

yk+1
i ← Procedure (29)

qk+1
i ← Procedure (27)
k ← k + 1

while not converged or stopping criterion is not met;

Communication Complexity

With D-RAMS, each agent shares its local dual variables with
its neighbors for the update procedure in (27). As such, each
communication round involves sharing 8m bytes of information,
assuming double-precision floating-point representation of the
dual variables, where m denotes the output dimension of
the coupling constraint function. Hence, D-RAMS achieves
the same communication complexity with dual decomposition
methods, improving upon the communication complexity of
other distributed methods which utilize consensus on the primal
and dual variables.

VI. CONVERGENCE ANALYSIS

In this section, we prove convergence of our algorithm for
subdifferentiable convex objective and constraint functions.

Theorem 1 (Sub-linear Convergence of {yk}). The dual
iterates {yki } of agent i converge to an optimal dual solution
y?, ∀i ∈ V , sub-linearly.

Proof. We note that the proof of the sub-linear convergence
of ADMM is provided in many references [37], [38].
Consequently, we omit the proof here and refer readers to
the aforementioned references.

Note that the convergence results in Theorem 1 does not
require differentiability or strong convexity of the objective
and constraint functions. We can obtain stronger results
on the convergence rates of our algorithm, if we make
additional assumptions on the objective and constraint functions.
Specifically, if the objective function fi is closed and strongly
convex with Lipschitz continuous gradients, the coupling
constraint function gi is affine, and Xi = Rni , ∀i ∈ V , then
our distributed algorithm converges at a linear rate.

Before proceeding, we provide the following lemmas on
Fenchel duality. We refer readers to [39], [40] for the proof of
these results.

Lemma 1. If fi is closed and λ-strongly convex, then its
Fenchel conjugate f?i is 1

λ -strongly smooth.

Lemma 2. If a convex function fi has Lipschitz continuous
gradients with parameter L, then its Fenchel conjugate f?i is
1
L -strongly convex.

With the assumption of an affine coupling constraint
function, given in (11), φi simplifies to the expression given
in (12), which involves the Fenchel conjugate f?i of fi. If
the objective function fi of agent i is 1

Li
-strongly convex

(and closed) with 1
λi

-Lipschitz continuous gradients, Lemmas
1 and 2 indicate that f?i is λi-strongly convex and Li-
strongly smooth. Particularly, the composite dual function
is continuously differentiable and λ-strongly convex and
has Lipschitz continuous gradients with parameter L, where
λ = min{λi,∀i ∈ V} and L = max{Li,∀i ∈ V}.

We state the linear convergence rates of the dual iterates
generated by our algorithm in the following theorem.

Theorem 2 (Linear Convergence of {yk}). The local dual
iterates of each agent {yki }, ∀i ∈ V , converge R-linearly to
the optimal dual variable y?, for a λ-strongly concave dual
function with L-Lipschitz continuous gradients.

Proof. We provide the proof in the Appendix.

We note that the convergence rate of the dual iterates
depends on the connectedness of the underlying communication
network. We discuss this relationship in the Appendix. In the
following theorem, we show convergence of the sequence of
resource allocations computed by each agent to the optimal
resource allocation x?. We keep the same assumptions on
differentiability of the local objective function of each agent.
Further, in problems with strongly convex objective and
coupling constraint functions, we prove linear convergence
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of the sequence of resource allocations to the optimal resource
allocation x?.

Theorem 3 (Convergence of {xk}). The sequence of resource
allocation {xki } of agent i converges to an optimal resource
allocation x?i , ∀i ∈ V , for a differentiable objective function
fi. Moreover, for a strongly convex objective function and an
affine coupling constraint function, the sequence of resource
allocation {xki } converges R-linearly to the optimal resource
allocation x?i , ∀i ∈ V .

Proof. We provide the proof in the Appendix.

In addition, we provide the following theorem on the
convergence rate of the violation of the coupling constraint in
problems with an affine equality coupling constraint.

Theorem 4. The violation of the coupling constraint on the
resource allocation of all agents x converges R-linearly to
zero, in problems with an affine equality coupling constraint.

Proof. We provide the proof in the Appendix.

We note that our distributed algorithm does not require
a feasible initialization of the resource allocation of each
agent and its dual variables, as the local variables of each
agent converges to the optimal solution irrespective of its
initialization. Moreover, each agent does not share its resource
allocations with other agents, providing privacy in situations
where disclosing this information can be detrimental to the
agent. Each agent only shares its local dual variables with its
neighbors.

VII. EQUALITY CONSTRAINED RESOURCE ALLOCATION
PROBLEMS

In this section, we consider a subclass of resource allocation
problems where the inequality coupling constraint is replaced
by an equality constraint, given by

N∑
i=1

gi(xi) = 0. (32)

For this subclass of problems, the update procedure for the
dual variable yi of agent i in (25) reduces to an unconstrained
optimization problem in yi. As a result, agent i computes its
local dual variable from the problem

yk+1
i ∈ argmax

yi

{
φi(yi)− qkTi yi

− ρ
∑
j∈Ni

∥∥∥∥yi − yki + ykj
2

∥∥∥∥2
2

} (33)

which admits a closed-form solution for yi at iteration k, given
by

yk+1
i =

1

2ρ Ni
ψi
(
xk+1
i

)
, (34)

following the same approach utilized in Section V, with ψi(·)
defined in (30). Using (34) in (28), we obtain a simpler update

procedure for the resource allocation of agent i at iteration k,
with the associated optimization problem given by

minimize
xi∈Xi

{
fi(xi) +

1

4ρ Ni
∥∥ψki (xi)

∥∥2
2

}
, (35)

which represents a convex optimization problem, noting that
the coupling constraint function gi must be affine in convex
resource allocation problems. Subsequently, agent i updates its
Lagrange multipliers using (27).

In equality constrained resource allocation problems with
quadratic or linear objective functions where Xi = Rn, the
update procedure for xi in (35) admits a closed-form solution.
As a result, each agent can update its local variables
efficiently, without resorting to iterative optimization methods
such as interior-point methods, cutting-plane methods, or
bundle methods to compute its resource allocation. For other
problems, we discuss approaches to achieve lower computation
complexity, in the next section.

VIII. D-RAMS: APPROXIMATE UPDATES

Although each agent can compute its dual variables in closed-
form, updating its primal variables might require significant
computational effort, depending on its local objective function
in (31). To reduce the computational complexity of the update
procedures, we derive variants of our distributed algorithm D-
RAMS with a simpler update procedure for the primal variable,
enabling each agent to solve its local optimization problem
efficiently. We replace the optimization problem in (31) with
its approximation, given by

xk+1
i = argmin

xi∈Xi

{
Ji
(
xki
)

+∇Ji
(
xki
)T(

xi − xki
)

+
1

2

(
xi − xki

)THi(xki )(xi − xki )} (36)

where

Ji(xi) = fi(xi) +
1

4ρ Ni
∥∥max(0, ψki (xi))

∥∥2
2

(37)

and

∇Ji(xi) = ∇fi(xi) +
1

2ρ Ni
(Jgi(xi))

T max(0, ψki (xi)).

(38)
We denote the Hessian of Ji evaluated at xi or its positive
definite approximation as Hi(xi) ∈ Rni×ni . Agent i can solve
the optimization problem in (36) only once to compute
an approximate solution for xk+1

i , before updating its dual
variables and Lagrange multipliers. However, repeating the
approximation scheme multiple times, where the accuracy
of each successive approximation improves upon that of the
preceding approximation, could improve the convergence rate
of our algorithm by producing more accurate iterates during
the execution of D-RAMS. We discuss possible choices of
Hi(xi) in (36).
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A. Linearized Updates
To minimize the computational complexity of (31), we can

define Hi(xi) as

Hi(xi) =
1

βi
Ini (39)

where Ini
∈ Rni×ni and βi ∈ R, with βi > 0, resulting in

an approximation for Hi(xi) independent of the local primal
variable of agent i. By eschewing the computation of the
exact Hessian of Ji(xi), this approximation scheme only
requires each agent to compute the gradient of its local
objective function in updating its primal variables. The resulting
optimization problem can be solved efficiently using proximal
gradient descent, particularly when the proximal operator
associated with the feasible set can be evaluated easily, or
when Xi = Rni . As a result, we can interpret βi as the step-
size in the proximal gradient descent update.

B. Quadratic Updates
To obtain a more accurate approximation of the optimization

problem in (31), we can compute the exact Hessian of Ji(xi)
for Hi(xi), given by

Hi(xi) = ∇2fi(xi)

+
1

2ρ Ni

m∑
r=1

ηr

(
∇ψki,r(xi)

(
∇ψki,r(xi)

)T
+∇ψki,r(xi)∇2ψki,r(xi)

)
(40)

where ψki,r denotes the r-th component of the coupling
constraint function of agent i and

ηr =

{
1 if ψki,r(xi) > 0

0 otherwise.
(41)

Alternatively, we can utilize a finite difference approximation
scheme for the Hessian, which generally involve approximating
the Hessian from the finite difference of the local gradient and
primal variables of each agent (such as the Broyden-Fletcher-
Goldfarb-Shanno (BFGS) and Davidon-Fletcher-Powell (DFP)
schemes [41]). Although this approach requires greater
computational effort, the updates can result in improved
convergence rates. In addition, this approximation scheme
enables us to derive closed-form solutions for xi, when
the problem consists of local equality constraints, or when
Xi = Rni .

Algorithm 2 outlines the update procedures performed by
each agent in computing its resource allocation.

IX. SIMULATIONS

We examine the performance of D-RAMS in distributed
resource allocation problems, comparing it to the distributed
methods DDA [12], C-SP-SG [13], and DPDA [14], in
addition to examining the convergence rate of D-RAMS-Ax.
We begin by examining each method on problems without
local constraints before considering the performance of each
method on problems where each agent has local constraints
only accessible to it. We use Metropolis-Hastings weights in

Algorithm 2: Distributed Resource Allocation for
Multi-Agent Systems via Approximate Updates
(D-RAMS-Ax)

Initialization:
x0i ∈ Rni , y0i ∈ Rm ∀i ∈ V
q0i ← 0 ∀i ∈ V
k ← 0

do in parallel ∀i ∈ V
xk+1
i ← Procedure (36)

yk+1
i ← Procedure (29)

qk+1
i ← Procedure (27)
k ← k + 1

while not converged or stopping criterion is not met;

DDA which requires a symmetric doubly-stochastic weighting
matrix and select the parameters that provide fast convergence
for each method. We examine the convergence rate of each
method to the optimal solution obtained from a centralized
method.

A. Resource Allocation with No Local Constraints
We consider the resource allocation problem among a group

of N agents with no local constraints, given by

minimize
x

N∑
i=1

‖Gixi − pi‖2Wi

subject to
N∑
i=1

(
Cixi − di

)
≤ 0

(42)

where xi ∈ Rni , Ci ∈ Rm×ni , and di ∈ Rm. The objective
function specifies the desire of agent i to select an
allocation which satisfies its tasks in pi ∈ Rai which depend
on Gi ∈ Rai×ni , with Wi ∈ Rai×ai indicating the relative
importance of each task. The affine coupling constraint in
(42) represents the limits on the availability of the resources.
We examine the performance of each method in solving (42)
for a small group of agents with N = 12 agents and a larger
group of agents with N = 50 agents. For D-RAMS-Ax, we
utilize the update procedure in (36) for computing the resource
allocation of each agent, where each agent uses the exact
Hessian given by (40). D-RAMS-Ax enables each agent to
update its primal variables in closed-form, without resorting to
a nested iterative procedure for solving its local optimization
problems, resulting in greater computation efficiency.

With N = 12 agents, ni = 9 resources ∀i ∈ V , and m = 13,
we consider a random connected communication graph with
a connectivity ratio κ of 0.546, where the connectivity ratio
represents the proportion of edges in the graph compared
to the total number of possible edges κ = 2|E|

N(N−1) , with an
average of 3 edges incident on each agent. In Figure 1, we
examine the convergence of the iterates of each method to the
optimal solution. Notably, the convergence performance of D-
RAMS-Ax overlaps that of D-RAMS, with each algorithm
converging at the same rate. D-RAMS and D-RAMS-Ax
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achieve the fastest convergence rate and converge in about
170 iterations, while DPDA requires more than 104 iterations
for convergence, converging faster than DDA and C-SP-SG.
In addition, the objective value of the iterates in D-RAMS and
D-RAMS-Ax converge faster than all the other methods to
the optimal objective value, depicted in Figure 2, with both
methods achieving the same convergence rate. The objective
value of the iterates in DPDA converges faster than DDA and
C-SP-SG. In Figure 3, we examine the convergence rate of the
value of the coupling constraint to its optimal value for each
method. With D-RAMS and D-RAMS-Ax, the value of the
coupling constraints converge in about 170 iterations, faster
than all other methods which require more than 104 iterations
for convergence, with the convergence rate of D-RAMS-Ax
overlapping that of D-RAMS.
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Fig. 1. Convergence rate of the solution obtained by D-RAMS,
D-RAMS-Ax, DDA, C-SP-SG, and DPDA to the optimal solution of the
problem in (42) with N = 12 agents. D-RAMS and D-RAMS-Ax attain
the fastest convergence rate to the optimal solution, converging in about
170 iterations, with the convergence rate of D-RAMS-Ax overlapping that
of D-RAMS. Meanwhile, DPDA converges faster than DDA and C-SP-SG.
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Fig. 2. Convergence rate of the objective value obtained by D-RAMS,
D-RAMS-Ax, DDA, C-SP-SG, and DPDA to the optimal objective value
of the problem in (42) with N = 12 agents. The convergence rate of
D-RAMS overlaps with that of D-RAMS-Ax. D-RAMS and D-RAMS-Ax
converge in about 170 iterations, attaining the fastest convergence rate.
DPDA converges in about 4950 iterations, faster than DDA and C-SP-
SG.

We examine the convergence rates of each method for
N = 50 agents, ni = 30 resources ∀i ∈ V , and m = 22 with a
connectivity ratio κ of 0.327 and an average of 8 edges incident
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Fig. 3. Convergence rate of the value of the coupling constraint to its
optimal value in (42) with N = 12 agents for D-RAMS, D-RAMS-Ax,
DDA, C-SP-SG, and DPDA. The convergence rate of D-RAMS overlaps
with that of D-RAMS-Ax, with the value of the coupling constraint in both
methods converging in about 170 iterations, while the other methods
require more than 104 iterations for convergence.

on each agent. D-RAMS and D-RAMS-Ax exhibit the same
convergence performance, depicted in Figure 4. With D-RAMS
and D-RAMS-Ax, the iterates converge to the optimal solution
in about 220 iterations, attaining the fastest convergence rate
compared to all other methods which require more than 104

iterations for convergence, with DDA converging faster than
DPDA and C-SP-SG. Likewise, the objective value of the
iterates in D-RAMS and D-RAMS-Ax converge faster than all
other methods in about 250 iterations, in Figure 5. Moreover,
the value of the coupling constraint in D-RAMS and D-RAMS-
Ax converge to its optimal value in about 260 iterations, faster
than all other methods in Figure 6, with the convergence rate of
D-RAMS-Ax overlapping that of D-RAMS. Notably, while the
convergence rate of DDA, C-SP-SG, and DPDA significantly
declines in problems with a larger group of agents, D-RAMS
and D-RAMS-Ax retain their superior convergence rates in
these problems.
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Fig. 4. Convergence rate of the iterates in D-RAMS, DDA, C-SP-SG,
and DPDA to the optimal solution of (42) with N = 50 agents. The
convergence rate of D-RAMS overlaps with that of D-RAMS-Ax, which
converges in about 220 iterations, achieving the fastest convergence
rate to the optimal solution. All other methods require more than 104

iterations for convergence, with DDA converging faster than DPDA and
C-SP-SG.
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Fig. 5. Convergence rate of the objective value in D-RAMS, DDA, C-
SP-SG, and DPDA to the optimal objective value of (42) with N = 50
agents. The convergence rate of D-RAMS overlaps with that of D-RAMS-
Ax. D-RAMS and D-RAMS-Ax converge in about 250 iterations while all
other methods require more than 104 iterations for convergence.
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Fig. 6. Convergence rate of the value of the coupling constraint to
its optimal value in (42) with N = 50 agents for D-RAMS, DDA, C-SP-
SG, and DPDA. The convergence rate of D-RAMS overlaps with that
of D-RAMS-Ax. The value of the coupling constraint in D-RAMS and
D-RAMS-Ax converge in about 260 iterations while the other methods
require more than 104 iterations for convergence.

B. Resource Allocation with Local Constraints
In these problems, each agent has a set of local constraints

which is inaccessible to other agents. We consider resource
allocation problems among N agents given by

minimize
x

N∑
i=1

fi(xi)

subject to
N∑
i=1

gi(xi) ≤ 0

hi(xi) ≤ 0

(43)

where hi(xi) : Rni → Rci represents the local constraint
function of agent i defined as

hi(xi) = Jixi − ui (44)

with xi ∈ Rni , Ji ∈ Rai×ni , and ui ∈ Rai . We define the
objective function of agent i as

fi(xi) = ‖Qixi − bi‖1 − νi
ni∑
r=1

log(xi,r + 1) (45)

with Qi ∈ R`i×ni , bi ∈ R`i , and νi ∈ R. The local objective
function of agent i consists of multiple measures of
performance where the first component promotes the allocation
of resources to satisfy its local tasks specified by Qi and bi.
We specify the coupling constraint in (43) as

gi(xi) = ‖xi‖2Wi
− di (46)

with Wi ∈ Rni×ni and di ∈ R, signifying constraints on the
availability of each resource.

We examine the performance of each method in solving
(43) with N = 30 agents, ni = 50 resources, `i = 50, and
ai = 46 ∀i ∈ V on a random connected communication graph
with a connectivity ratio κ of 0.559 and an average of about
8 edges incident on each agent. In D-RAMS-Ax, we utilize
the primal update procedure using the exact Hessian given
by (36) and (40). The iterates in D-RAMS converge in about
70 iterations to the optimal solution, achieving the fastest
convergence rate compared to all other methods in Figure 7.
With D-RAMS-Ax, the iterates converge in about 100 iterations,
faster than DPDA, C-SP-SG, and DDA. Likewise, the objective
value in D-RAMS converges faster than all other methods to
the optimal objective value. D-RAMS requires 90 iterations
for convergence while D-RAMS-Ax converges within 115
iterations, with all other methods requiring more than 103

iterations for convergence, depicted in Figure 8. In addition,
while the value of the coupling constraint in DPDA, C-SP-SG,
and DDA has not converged after 103 iterations in Figure 9, the
value of the coupling constraint in D-RAMS and D-RAMS-Ax
converges to its optimal value in about 110 and 140 iterations
respectively. The DDA and C-SP-SG algorithms converge at
a significantly slower rate compared to the other distributed
algorithms, as reflected in Figure 8.
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Fig. 7. Convergence rate of the iterates in D-RAMS, D-RAMS-Ax, DDA,
C-SP-SG, and DPDA to the optimal solution of (43) with N = 30 agents.
D-RAMS achieves the fastest convergence rate to the optimal solution,
converging in about 70 iterations. The iterates in D-RAMS-Ax converge
within 100 iterations, while all other methods require more than 103

iterations for convergence, with DPDA converging faster than DDA and
C-SP-SG.

X. CONCLUSION

We derive a distributed resource allocation method where
each agent communicates locally with its neighbors to compute
a resource allocation which satisfies the coupling constraint on
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Fig. 8. Convergence rate of the objective value in D-RAMS, D-RAMS-Ax,
DDA, C-SP-SG, and DPDA to the optimal objective value of (43)
with N = 30 agents. While all other methods require more than 103

iterations for convergence, D-RAMS and D-RAMS-Ax converge in about
90 and 115 iterations respectively.
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Fig. 9. Convergence rate of the value of the coupling constraint to its
optimal value in (43) with N = 30 agents for D-RAMS, D-RAMS-Ax,
DDA, C-SP-SG, and DPDA. In D-RAMS, the value of the coupling
constraint converges in about 110 iterations, while D-RAMS-Ax requires
about 140 iterations for convergence, with all other methods requiring
greater than 103 iterations for convergence.

the resource allocation of all agents. Each agent neither knows
nor computes the resource allocation of other agents, preserving
the privacy of each agent’s allocation. Our method provides
linear convergence of the resource allocation and the associated
dual iterates of each agent to the optimal resource allocation
and dual solution respectively, attaining a faster convergence
rate compared to other distributed methods. In addition, our
algorithm retains its faster convergence rates in problems with
larger networks of agents, over different communication graph
topology, as demonstrated in our simulations.

APPENDIX

DERIVATION OF THE UPDATE PROCEDURES

We derive the update procedures for yi along with the updates
for the slack variables and Lagrange multipliers. Updating the
slack variables as the maximizer of the augmented Lagrangian
in (20) results in

αk+1
ij =

ukij + wkij
2ρ

+
1

2

(
yk+1
i + yk+1

j

)
(47)

at iteration k with the same update procedure for γij . Through
gradient descent on the augmented Lagrangian, each agent
updates its local Lagrange multipliers using

uk+1
ij = ukij − ρ

(
αk+1
ij − yk+1

i

)
(48)

with a similar procedure for wij given by

wk+1
ij = wkij − ρ

(
γk+1
ij − yk+1

j

)
(49)

after the updates to y at iteration k. By applying (47) in (48),
the update for uij simplifies to

uk+1
ij =

1

2

(
ukij − wkij

)
+
ρ

2

(
yk+1
i − yk+1

j

)
(50)

at iteration k. If ukij = −wkij at any iteration k, then
uk+1
ij = −wk+1

ij . Hence at each iteration k, ukij = −wkij by
initializing u0ij and w0

ij to zero, resulting in the update
procedures in (22), (23), and (24).

From the existence of a saddle-point, we can swap the order
of the optimization problems in (28), resulting in

minimize
xi∈Xi

maximize
yi∈Y

{
fi(xi) + yTi gi(xi)− qkTi yi

− ρ
∑
j∈Ni

∥∥∥∥yi − yki + ykj
2

∥∥∥∥2
2

} (51)

with the inner problem involving maximization over yi. We
can express the optimization problem in (51) as

minimize
xi∈Xi

maximize
yi∈Y

{
fi(xi)

+
1

4ρ Ni

∥∥∥∥∥∥gi(xi)− qki + ρ
∑
j∈Ni

(
yki + ykj

)∥∥∥∥∥∥
2

2

− ρ Ni

∥∥∥∥∥∥yi − 1

2ρ Ni

gi(xi)− qki + ρ
∑
j∈Ni

(
yki + ykj

)∥∥∥∥∥∥
2

2

− ρ

4

∑
j∈Ni

∥∥yki + ykj
∥∥2
2

}
(52)

which enables us to compute a saddle-point for (51) given by
the closed-form solution for yk+1

i and xk+1
i in (29) and (31).

Using the closed-form solution for yi at iteration k:

yk+1
i =

1

2ρ Ni
max

(
0, ψki

(
xk+1
i

))
(53)

with

ψki (xi) = gi(xi)− qki + ρ
∑
j∈Ni

(
yki + ykj

)
, (54)

the minimization problem for xk+1
i simplifies to

minimize
xi∈Xi

{
fi(xi) +

1

4ρ Ni
∥∥ψki (xi)

∥∥2
2

− ρ Ni
∥∥∥∥− 1

2ρ Ni
min(0, ψki (xi))

∥∥∥∥2
2

}
,

(55)
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which reduces to

minimize
xi∈Xi

{
fi(xi) +

1

4ρ Ni
∥∥ψki (xi)

∥∥2
2

− 1

4ρ Ni
∥∥min(0, ψki (xi))

∥∥2
2

}
.

(56)

Further simplification of the minimization problem results in

minimize
xi∈Xi

{
fi(xi) +

1

4ρ Ni

(∥∥ψki (xi)
∥∥2
2

−
∥∥min(0, ψki (xi))

∥∥2
2

)}
.

(57)
As such, agent i computes its resource allocation from the
problem

minimize
xi∈Xi

{
fi(xi) +

1

4ρ Ni
∥∥max(0, ψki (xi))

∥∥2
2

}
(58)

at iteration k.

PROOF OF THEOREM 2

We introduce the sequence {zk}, consisting of the slack
variable αk and the Lagrange multiplier uk, as well as the
W -weighted norm ‖·‖2W , with

zk =

[
uk

αk

]
, W =

[ 1
ρ 0

0 ρ

]
, (59)

where W > 0. We make use of the following lemma in proving
linear convergence of {yk}. The proof follows the same
procedure in [42]. Consequently, we omit the proof here.

Lemma 3. The error in the slack variables and Lagrange
multipliers

∥∥zk − z?∥∥2
W

decreases monotonically at each
iteration, ultimately converging to zero, with∥∥zk − z?∥∥2

W
−
∥∥zk+1 − z?

∥∥2
W

≥
∥∥zk+1 − zk

∥∥2
W

+ λ
∥∥yk+1 − y?

∥∥2
2
,

(60)

where z? denotes an optimal solution for zk and λ > 0.
Moreover, the sequence {zk} converges Q-linearly to z?,

such that ∥∥zk+1 − z?
∥∥2
W

‖zk − z?‖2W
≤ 1

ζ + 1
(61)

where

ζ = min

{
4λρ(µ− 1)σ2

min(El − Er)
ρ2σ2

max(El + Er)σ2
min(El − Er)(µ− 1) + 4µL

,

σ2
min(El − Er)

µσ2
min(El + Er)

}
(62)

with ζ > 0, L > 0, and µ > 1.

The matrices El and Er are derived from the communication
graph G with blocks El,(k,i) and Er,(k,j) set to the identity

matrix I ∈ Rm×m for an edge k from agent i to agent j. From
Q-linear convergence of {zk} and (60), in Lemma 3,∥∥yk+1 − y?

∥∥2
2
≤ 1

λ

∥∥zk − z?∥∥2
W

(63)

which shows R-linear convergence of the dual iterates {yk}
to the optimal dual solution y?.

Dependence of the Convergence Rate on the
Communication Network

The definition of ζ in (62) depends on the value of
σ2
min(El − Er), the minimum non-zero singular value of the

matrix
(
El − Er

)
, which is related to the graph Laplacian L

through the relationship

L =
1

2

(
El − Er

)T(El − Er) , (64)

indicating symmetry and positive semi-definiteness of the graph
Laplacian. The graph Laplacian has been studied extensively
due to its relevance to the connectedness of graphs and the
enumeration of spanning trees [43], [44]. Notably, the smallest
non-zero singular value of the graph Laplacian, also referred
to as the algebraic connectivity or Fielder value of the graph,
is a measure of the connectedness of the graph. Since the
minimum non-zero singular value of the matrix

(
El − Er

)
corresponds to the square root of the minimum non-zero
singular value of L, the value of ζ in (62) depends on the
algebraic connectivity of the underlying communication graph.
Consequently, the topology of the communication graph G
influences the convergence rate of the dual iterates to the
optimal dual solution. In general, a graph with a larger algebraic
connectivity would result in a faster convergence rate.

PROOF OF THEOREM 3

Since a saddle-point exists for the Lagrangian of (5), an
optimal resource allocation x? and a corresponding optimal
dual solution y? satisfy the Karush-Kuhn-Tucker (KKT)
optimality conditions. As a result,

∇f
(
x?
)

+ g
(
x?
)T
y? = 0 (65)

where, in addition, x? lies in the feasible set X . The update
procedure for xki in (31) indicates that

∇fi
(
xk+1
i

)
+ gi

(
xk+1
i

)T
yk+1
i = 0 (66)

at each iteration k, where xk+1
i satisfies the local constraints of

agent i. From Theorem 2, the local dual variable of each agent
converges to the optimal dual solution; hence, the resource
allocation of agent i satisfies

∇fi
(
xsi
)

+ gi
(
xsi
)T
y? = 0, (67)

where xsi represents the resource allocation of agent i computed
upon convergence of its dual variables. Since the pair (xsi , y

?)
satisfies (67), the pair (xs, y?) satisfies the KKT condition in
(65), as the condition in (67) is sufficient for satisfying (65).
Consequently, the resource allocation xs represents an optimal
resource allocation for the problem in (5). Hence, the sequence
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of resource allocation of each agent converges to an optimal
resource allocation.

Assuming strong convexity of the objective and coupling
constraint functions, we prove stronger results on the
convergence rate of the sequence of resource allocations. The
optimality conditions of x indicate that∥∥∇f(xk+1)−∇f(x?)

∥∥2
2
≤ σ2

max(Jg)
∥∥yk+1 − y?

∥∥2
2

(68)

at each iteration k, where Jg denotes the Jacobian of the
coupling constraint between the agents. Provided the objective
function f(x) is ν̄-strongly convex with ν̄ > 1,(
∇f(xk+1)−∇f(x?)

)T(
xk+1 − x?

)
≥ ν̄

∥∥xk+1 − x?
∥∥2
2

(69)
for any pair of resource allocations xk+1 and x?. Using∥∥∇f(xk+1)−∇f(x?)

∥∥2
2

+
∥∥xk+1 − x?

∥∥2
2

≥
(
∇f(xk+1)−∇f(x?)

)T(
xk+1 − x?

) (70)

with (69) results in∥∥∇f(xk+1)−∇f(x?)
∥∥2
2
≥ ν

∥∥xk+1 − x?
∥∥2
2

(71)

with ν > 0.
From (68) and (71),

σ2
max(Jg)

∥∥yk+1 − y?
∥∥2
2
≥ ν

∥∥xk+1 − x?
∥∥2
2

(72)

and ∥∥xk+1 − x?
∥∥2
2
≤ σ2

max(Jg)

ν

∥∥yk+1 − y?
∥∥2
2
, (73)

showing R-linear convergence of {xk} to x? which follows
from R-linear convergence of {yk} to y?.

PROOF OF THEOREM 4

The violation of the coupling constraint at iteration k∥∥g(xk+1
)∥∥2

2
=
∥∥g(xk+1

)
− g
(
x?
)∥∥2

2
, (74)

from feasibility of the optimal resource allocation x?, for
problems with an equality coupling constraint. With an affine
constraint function,∥∥g(xk+1

)
− g
(
x?
)∥∥2

2
≤ σ2

max(ITJg)
∥∥xk+1 − x?

∥∥2
2

(75)

where I ∈ RNm×m represents the vertical concatenation of N
copies of the identity matrix. Combining (74) and (75) results
in ∥∥g(xk+1

)∥∥2
2
≤ σ2

max(ITJg)
∥∥xk+1 − x?

∥∥2
2

(76)

at iteration k. Hence, the violation of the coupling constraint on
the resource allocations converges R-linearly to zero, following
from R-linear convergence of {xk} to x?.
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