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Abstract— In this paper we consider the problem of controlling a team of non-holonomic robots to reach a desired
formation. The formation is described in terms of the desired
relative positions and orientations the robots need to keep with
respect to each other, and it is assumed that the robots do not
have a common shared reference frame. In other words, the
robots can use only on-board sensing to achieve the formation.
We first consider a holonomic framework, using a well known
distance-based approach to reach a formation for the positions.
We then include a control law for the orientations. We further
discuss the problem of mirror configurations that appear
when different desired relative orientations can satisfy the
same distance-based constraints through different formations.
Exploiting the concept of chirality, we present a relabelling
strategy to reassign the robots’ roles to reach the desired
pattern when a mirror configuration occurs. The distancebased holonomic control is then transformed to cope with the
non-holonomic constraints using a piecewise-smooth function.
Simulation results, as well as hardware experiments with five
m3pi robots demonstrate the applicability of our approach.

I. I NTRODUCTION
Teams of robots acting cooperatively can be useful in a
broad array of applications, including multi-robot manipulation [1], entertainment [2], or search and rescue missions [3].
One of the first challenges that any successful multi-robot
system needs to face is the coordinated motion of all of its
members, reaching a desired configuration to accomplish a
task.
For this reason formation control is one of the most widely
studied problems in multi-robot systems [4]. Exploiting the
information only from nearest neighbors [5], the whole team
can reach many different configurations without the need of a
global coordinator. Some approaches are based on inter robot
positions [6], bearings [7] and distances [8], [9], whereas the
influence of different orientations in the relative positions has
been discussed in [10], [11]. However, in these solutions the
robots are modeled as single integrators. Since the control
is designed by decoupling the rotations from the translation,
these techniques are not readily applied to robots with nonholonomic motion constraints.
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Since unicycle robots are widely popular commercial
platforms, the formation control problem for these robots
has also been analyzed in the literature. Nearest neighbor
approaches have been successfully used for flocking [12]
and rendez-vous [13], [14]. Unfortunately, when the goal is
to reach relative positions, most of the available solutions
rely on leader-follower scenarios [15], [16], where each robot
controls its motion using only the information of another single robot, its leader in the formation, or individual reference
trajectories [17]–[19] independent of other robots’ motion.
Full formation using information from multiple neighbors is
discussed in [20] and [21], but to reach the formation it is
required for all the robots to share a global reference frame.
In this paper we present a formation control strategy
for non-holonomic robots that uses nearest-neighbors rules
without a global frame and considering different final orientations. We describe the formation objective by means of the
relative positions and orientations the robots need to keep
with respect to each other. Firstly, we consider a holonomic
version of the problem, combining a distance based controller
for the positions with an angular velocity that does not
depend on the orientations of the other robots. This way,
the orientation of each robot can be used as a degree of
freedom to reach the desired formation in the non-holonomic
case. In a second stage the non-holonomic inputs are defined
using a smooth piecewise function of the holonomic ones.
In the paper we also analyze the implications that relative
positions and orientations have in a purely distance-based
solution. In particular, we characterize the impossibility of
reaching the desired configuration in the case of reflections
of the formation without further actions. For the specific set
of achiral formations, we propose a relabelling strategy of
the roles of the robots such that, in the case of a reflection,
the team still reaches the desired configuration without the
need of further motion. The whole approach is validated by
means of simulations and with real experiments.
The rest of the paper is arranged as follows. Section II
introduces some necessary notation and concepts and gives
a formal description of the formation control problem. A
distance-based holonomic solution, including different final
desired orientations is presented in Section III. The transformation of the holonomic solution to non-holonomic motion
constraints is described in Section IV. Section V includes
some simulation results and experiments with real robots are
reported in Section VI. Finally, the conclusions of this work
are in Section VII.

II. N OTATION AND P ROBLEM S ETUP

B. Formation definition

A. Robots and coordinate systems
Let us consider a team of N robots. The position and
orientation of robot i in the world coordinate frame are
denoted by pi = [xi , yi ]T and θi respectively. The motion of
the robots is governed by non-holonomic unicycle dynamics,

 


ẋi
cos(θi ) 0 
 żi  =  sin(θi ) 0  vi ,
(1)
wi
0
1
θ̇i
where vi and wi are the robot’s linear and angular velocities.
The rotation matrix associated to θi is denoted by Ri ,


cos(θi ) − sin(θi )
R(θi ) ≡ Ri =
.
(2)
sin(θi )
cos(θi )
Given two robots, we denote by pij the relative position
of robot j locally measured by robot i,
T

pij = [xij , yij ] =

RTi (pj

− pi ),

(3)

whereas the relative orientation, θij , is determined by the
angle described by the rotation matrix
Rij = RTi Rj .

(4)

With a slightly abuse of notation, we denote θ(R) ∈ (−π, π]
the operator to compute the angle from the roation matrix,
considering always the smallest geodesic distance in the
rotation matrix. Note that θ(R) is the inverse operation
of (2) and that both operations work independently of the
coordinate system, i.e., they can be used in any frame.
Therefore, θij = θ(Rij ), which might not necessarily be
equal to θj − θi . Additionally, we denote by dij the relative
distance between the robots
dij = kpij k.

(5)

All these elements are illustrated in Fig. 1.
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Relative positions and orientations of two robots.

The sensing between pairs of robots is limited to a
subset of the whole team. This limitation is encoded in the
interaction graph G = (V, E). The nodes in the graph, V,
represent the different robots of the team, whereas the edges,
(i, j) ∈ E, represent the availability of the relative position
and orientation of robot j, [pij , θij ], to robot i. This way,
the set of robots observed by robot i is denoted by Ni .

The formation control problem is defined by a set of
desired relative positions and orientations between different
∗
pairs of robots, p∗ij and θij
. We impose an assumption on
the feasibility of such formation.
Assumption 2.1: (Feasible configuration). The desired
configuration can be achieved by the team, in the sense that
all the relative positions and orientations are consistent with
each other. Formally speaking, it must hold that
p∗ij = p∗ik + R∗ik p∗kj ,

(6)

and R∗ij = R∗ik R∗kj for all i, j, k ∈ V.
Note that there are infinite sets of positions for the robots
such that they satisfy (6), all of them related by some rotation
and translation. Also note that in general pij 6= −pji .
C. Geometry definitions
Given a vector, v = [vx , vy ]T , we denote


1
vx −vy
R(v) =
vy
vx
kvk

(7)

the rotation matrix that describes that vector.
Definition 2.2 (Mirror operation): Given a line ` ≡ p +
λv, p, v ∈ R2 , λ ∈ R, the mirror operation, M(pi , `), of
the point pi in ` is defined as the operation of computing
the refection of pi with respect to `. This operation can be
computed using the following product
M(pi , `) = R(v)RM R(v)T (pi − p) + p
with R(v) given in (7) and

1
RM =
0

0
−1

(8)


.

(9)

The mirror operation is an isometry in any set of points,
i.e., its application to a set of points preserves the distances
between all of them. Also note that the matrix RM is a
3D rotation matrix of π radians along a parallel axis to the
plane of motion (in this case the x-axis), which consequently
cannot be put in the form (2).
Although the whole setup is defined in terms of relative
information, for the theoretical analysis and upcoming explanations, it is convenient to consider the positions and
orientations measured in the world frame. Denote by p∗i and
θi∗ a set of positions and orientations such that, using (2)-(4),
satisfies Assumption 2.1.
The next definition categorizes all the possible formations
in terms of the mirror operation.
Definition 2.3 (Achiral formation): The set of positions
that configure a formation is defined achiral if, for every p∗i
and any line `, there exists another position in the formation,
p∗j , a translation, tm , and a rotation, Rm , such that
p∗j = Rm M(p∗i , `) + tm .

(10)

Otherwise the positions in the formation are defined to be
chiral.
These concepts are all shown in Fig. 2.

In order to reach the desired relative orientations, we
propose to use to following control law,

X 
wi = Kw
θ R(p∗ij )T R(pij ) .
(15)
Original
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Fig. 2. Two examples of set of positions and their corresponding mirror
configurations. The left configuration is achiral because the original pattern
can be recovered from the mirror by a translation, a rotation and a relabeling
of the points. The right formation is chiral because the same type of recovery
is not possible.

In the above equation (7) has been used to compute the
rotation matrices, and the operator θ(·) is used to compute
the associated angle. From a geometrical point of view, the
term θ(R(p∗ij )T R(pij )) represents the angle from p∗ij to
pij , see Fig. 3. Note that in (15), wi does not depend on the
orientations of other robots, θj .

III. H OLONOMIC C ONTROL
𝐩∗𝑖𝑗

Before considering the non holonomic motion of the
robots, we start discussing a simplified holonomic version of
the setup that will serve as the base for the general case. Let
us denote ui the kinematic velocity of robot i, expressed in
its own frame. The evolution of the position of the holonomic
robot in the world frame is then ṗi = Ri ui .
We adopt a distance-based formulation to design ui . In
particular, following existing literature [8], [9], each robot
computes its kinematic velocity by
X
 pij
ui = Ku
dij − d∗ij
,
(11)
kpij k
j∈Ni

with Ku some positive gain. Note that only relative information is considered in the computation of (11).
The main reason for adopting this controller, instead of
a solution such as [10], is that the motion of the robots is
not affected by their orientation. For any value of Ri , the
transformation of ui to the world coordinate frame is always
the same
X

uwi = Ri ui = Ku
dij − d∗ij (pj − pi ).
(12)
j∈Ni

This degree of freedom will be exploited in the next section
to develop the non-holonomic controller.
Since existing literature already provides a convergence
analysis using this controller [8], [9], we do not enter much
into details. If the interaction graph G with respect to the
desired positions describes a rigid figure, then (11) is locally
asymptotically stable. In addition, the final configuration is
the desired one up to a congruence (translation, rotation and,
possibly, a mirror operation), i.e.,
pi = R∗ p∗i + t∗

(13)

pi = R∗ M(p∗i , `∗ ) + t∗ ,

(14)

or
with R∗ , t∗ and `∗ some rotation, translation and line
respectively. From now on, we assume that the conditions
for convergence to either of these configurations are met
and we discuss how to design the angular velocity and the
implications of reaching (13) or (14).
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Fig. 3.

Design of the angular velocity.

Let us start analyzing the behavior of the orientations
under the assumption of fixed desired positions, i.e., ui = 0
for all i and either (13) or (14) hold.
Proposition 3.1 (Convergence for (13)): Assume that the
desired formation satisfies Assumption 2.1 and the positions
of the robots are fixed and equal to (13). Then, for any
initial orientations, using the angular velocity in (15) the
orientations of all the robots converge to fixed values θi∗
such that Rij = R∗ij for all i, j ∈ V.
Proof: First of all, since the angular velocities of the
robots do not depend on the orientation of any robot but
themselves, we can analyze the behavior of θi individually,
without consider other robots rather than i.
The first thing we demonstrate is the existence of a fixed
point, θi∗ . The existence of such point necessarily implies
that, if θi = θi∗ , then wi = 0. Consider some j ∈ Ni .
Using (13), the term in wi associated to such robot is


θ R(p∗ij )T R(pij ) =


θ R(p∗j − p∗i )T R∗i RTi R∗ R(p∗j − p∗i ) =


(16)
θ R∗i RTi R∗ R(p∗j − p∗i )T R(p∗j − p∗i ) =


θ R∗i RTi R∗ ,
where the fact that the product of matrices is commutative
in SO(2) has been used in the second equality.
Therefore, all the neighbors generate the same amount of
angular input in wi and
wi = 0 ⇐⇒ Ri = R∗ R∗i .
(17)


Thus, there exists a fixed point, θi∗ = θ R∗ R∗i , which is
also unique.

The next step is to show that the angular position of
the robot converges to such point using (15). Consider the
following candidate Lyapunov function
2
1
V = θ R(θi∗ )T R(θi ) > 0.
(18)
2
After some algebraic calculations, the derivative of the
Lyapunov function is given by

V̇ = θ R(θi∗ )T R(θi ) wi .
(19)

Thus, if each robot assumes the role of its reflected comrade,
denoted for brevity Mi , eq. (21) becomes


θ R(p∗Mi Mj )T R(pij ) =


(23)
θ R∗Mi RTi R∗ R(v∗ )R(v∗ )R(vS )T R(vS )T ,

and the analysis in Proposition 3.1 can be reused to show that
Rij → R∗Mi Mj . This, combined with (14), shows that the
whole team reaches again the desired pattern with different
roles.
Let
us
start
considering
the
case
where

Remark 3.2 (Reflection detectability): Note that the
∗ T
∗
θ R(θi ) R(θi ) < 0. Replacing the value of θi
robots
can detect individually whether they are converging





θ R(θi∗ )T R(θi ) = θ (R∗i )T (R∗ )T Ri = −θ R∗i RTi R∗ . to the original desired pattern or the
 mirror one simply

∗ T
by
checking
if
the
different
terms
θ
R(p
)
R(p
)
are
ij
(20)
ij
equal
to
zero
at
the
equilibrium
or
not.
Therefore, in this
case V̇ < 0. The case where

θ R(θi∗ )T R(θi ) > 0 can be made analogously, demonIV. N ON H OLONOMIC C ONTROL
strating that the orientation of the robot converges to θi∗ .
In this section we focus on applying the distance based
Finally, knowing that Ri → R∗ R∗i for all i, we reach that
controller
(11) to non-holonomic robots. First of all, with the
∗
Rij → Rij for all i and j and the whole desired formation
objective
of
abbreviate the notation, let βij = R(pij ) be the
is achieved.
In order to show that the angular controller can be used bearing angle of robot j with respect to robot i. Additionally,
let ρi and φi be the polar coordinates of the holonomic input
simultaneously
to the position
 controller, we would need to

ui with respect to robot i frame, i.e.,
∗ T
consider θ R(pij ) R(pij ) as a perturbed version of the
ρi = kui k and φi = θ(R(ui )).
(24)
one analyzed in the previous proposition, with the perturbation asymptotically going to zero due to the convergence
The open loop relative motion of robot j in the frame of
of (11). Nevertheless, since our goal is to exploit the degree robot i is given by
of freedom of the rotation to derive the non-holonomic
d˙ij = −vi cos βij − vj cos βji ,
(25)
controller, we leave this demonstration for future work.
The next issue to consider is to see what happens when and
the positions of the robots converge to (14). Unfortunately,
sin βji
sin βij
+ vj
− wi .
(26)
β˙ij = vi
in this case, noting that R(RM p) = R(p)T , the terms in
dij
dij
the angular velocity for each neighbor are not equal,
Using these two expressions, we can compute the open loop


∗ T
evolution of the holonomic input ui in (11),
θ R(pij ) R(pij ) =
X


u̇xi = − |Ni |vi +
(vj cos θji ) + uyi wi +
(27)
θ R∗i RTi R∗ R(v∗ )R(v∗ )R(p∗j − p∗i )T R(p∗j − p∗i )T ,
j∈Ni

(21)
X  d∗ij
sin βij (vi sin βij + vj sin βji ) ,
with R(v∗ ) the vector associated to `∗ as in (7). While
dij
j∈Ni
convergence to a fixed point can still be proved, the new
X
u̇yi = −
(vj sin θji ) − uxi wi −
(28)
closed loop system might have more than one of these
j∈Ni
stationary points, and none of them will be able to satisfy

X  d∗ij
that Rij = R∗ij for all i and j in the team. This implies
cos βij (vi sin βij + vj sin βji ) .
that, whenever a reflection of the formation occurs, even
dij
j∈Ni
when the distances between robots are the desired ones, the
relative positions and orientations will not reach the desired Similarly, the open loop evolution in polar coordinates is
X
formation using (11) and (15).
ρ̇i = −|Ni |vi cos φi +
vj cos(φi − θij )
Nevertheless, for the set of achiral formations, the robots
j∈Ni
 (29)
can apply a simple relabeling of their roles that will allow
X  d∗ij
them reach the desired configuration. If a formation is
sin(βij − φi )(vi sin βij + vj sin βji )
+
dij
achiral, then it means that it has at least one line of symmetry
j∈Ni
(it can have more), which we denote by `S . Under this
X vj sin(φi − θji )
|Ni |vi sin φi
φ̇i = −wi +
−
,
reflection, the rotation and translation in (10) are Rm = I
ρi
ρi
j∈Ni
and tm = 0. Thus, for all i, there exists another robot j such

X  d∗ij cos(βij + φi )
that
+
(vi sin βij + vj sin βji ) .
dij
ρi
p∗ = M(p∗ , `S ) = R(vS )RM R(vS )T (p∗ − pS ) + pS .
j

i

j∈Ni

i

(22)

(30)

Given some relative goal, as is ui , a typical approach to
control a non-holonomic vehicle consists in letting vi = ρi
and wi = φi . If the goal is fixed, this simple control law
drives the robot towards it, no matter where it is [18].
However, in our case, the evolution of the goal along with
the highly coupling with the neighbors’ positions implies
that this solution won’t always work. We propose instead a
similar control design, piecewise defined depending on the
holonomic inputs.
In particular, the linear velocity of each robot is designed
according to the following rule:

π
ρi
if −π

4 < φi ≤ 4

ρ
π
3π

i
if 4 < φi ≤ 4
tan(φi )
vi =
,
(31)
−ρi
if −3π
< φi ≤ −π


tan(φ
)
4
4
i

−ρi
otherwise

shortest angular path (clockwise or anticlockwise). This way,
the robots behave much closer to how they would if they
were holonomic. In this case there is a discontinuity when
φi = ±π/2. However, the angular velocities at both sides
of the discontinuities drive the value of φi away from these
points. If we combine this with the fact that at those values
of φi the linear velocity is zero, we reach that once again
shaky motions of the robots are avoided.
Note that these inputs drive the robots towards the positions that satisfy the desired relative distances between each
other but do not account for the final desired relative orientations. Whenever the robots detect that they are sufficiently
close to the desired distance values, they locally change the
angular rates computed in (32) for those given in Eq. (15).

whereas the angular velocity is defined by

φi
if −π
2 < φi ≤
wi =
φi + π otherwise

Some simulations have been run in Matlab to test our
proposal. A comparison of different holonomic and nonholonomic solutions is provided in Fig. 5 for a team of 6
robots. In the top left plot of Fig. 5 we show the desired
formation pattern (a regular hexagon), with blue lines denoting neighbors in the communication graph. The formation
is infinitesimally rigid, and thus we can guarantee local
stability of the distance-based holonomic formation control.
The initial position of the robots for all the controllers is
shown in the top right plot of Fig. 5.

π
2

.

(32)

For a better understanding of the controller, these two
equations are graphically shown in Fig. 4.

V. S IMULATIONS

Initial Configuration

Desired Configuration
3

2

2

30

10

tan

20

4

0

1

Y(m)

5

Y(m)

tan

tan

6

0

−5

tan

4

10

3
1

−10

−10
5
−15

−10

6
−5

0
X(m)

5

10

−40

15

Desired formation

−30

20

20
Y(m)

Y(m)

30

10

20

10

−10

−40

−30

−20

−10
X(m)

0

10

−40

20

Holonomic [10]

−30

−20

−10
X(m)

0

10

20

Holonomic Sec. III

Non−Holonomic−Global Frame

Non−Holonomic−Distance

30

30

20

20

10

Y(m)

Y(m)

10

0

−10

The complexity of the closed-loop equations resulting
of the combination of (31) and (32) with either (27)-(28)
or (29)-(30) makes it hard to provide a formal demonstration
of convergence of the whole system. Nevertheless, in the
following we provide the intuition behind the control inputs
and we show in simulations and experiments with real robots
that our solution performs well enough to be applicable.
The control input (31) is designed to move always in the
direction that reduces the value of ρi (forward or backward).
The tangents make smooth the transition between moving
forward and moving backward, avoiding the discontinuity
that happens when the goal is perpendicular to the direction
of the robot. This way, we can avoid shaky motions of the
robots.
The angular velocity in Eq. (32) is designed to steer the
robot in such a way that it is aligned with the goal in the
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Comparison of different formation control strategies.

The middle plots show the trajectories using two holonomic controllers. The consensus-based formation control
using relative positions proposed in [10] is shown in the left
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Non-holonomic formation control with real robots.

plot and the distance-based holonomic control with different
orientations, Eqs. (11) and (15), given in Section III is shown
on the right. In this case the robots converge to the right
configuration, so no relabelling is required. By using interrobot distances, the path travelled by the robots is smaller
than that of [10].
The bottom plots of Fig. 5 show the trajectories using
two non-holonomic solutions. On the left we can see the
trajectories using the solution presented in [20], where the
robots require some common reference frame to reach the
formation. The solution we have proposed in Section IV
is shown on the bottom right plot, which makes the robots
travel less distance and also does not require a global frame.
The trajectory is slightly longer to that of the equivalent
holonomic approach, but it accounts for the real dynamics
of most ground robots.
The linear and angular velocities of the proposed nonholonomic solution are depicted in Fig. 6. The linear velocity
of the robots is shown on the left graphic and the angular

velocity on the right one. As mentioned in the paper, we can
observe how the linear velocities follow smooth trajectories,
even under abrupt changes in the angular velocities, for
example at time t = 5s for the dark green robot. The angular
velocities are also in general quite smooth. The transition
between the angular velocities in (32) used to reach the
desired distances and the angular velocities in (15) to reach
the desired relative orientations can be clearly observed for
the dark blue, red and orange robots at times t = 22s and
t = 25s. The threshold to switch from one velocity to the
other has been set at 5cm.
VI. E XPERIMENTS
We have also conducted real experiments with 5 m3pi
robots to validate our controller (Fig. 7 (d)). Since how the
robots perceive their neighbors is outside of the scope of
this paper, we have used the Optitrack system to compute
the relative position and orientation between the robots.
Using these relative positions, the control commands are
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Fig. 8.

Real experiment with convergence to a mirror configuration (14) and correction using the relabelling in (22).

computed in Matlab and sent to each of the robots via
XBee devices at 10Hz. In the paper we present two different
formation experiments. Additional formations can be seen in
the supplementary video.
The desired formation of the first experiment has been
defined as a regular polygon with the orientation of each
robot pointing outwards, as shown in Fig. 7 (a). The initial
configuration of the robots is shown in Fig. 7 (e). For a
better visualization we have overimposed in the image the
Optitrack measurements of each robot. The trajectories and
final configuration are shown in Fig. 7 (f), where we can
see that the whole team reaches the desired formation. The
linear velocities, computed using (31) are shown in Fig. 7
(b), whereas the angular ones, using (32) and (15) when the
distances are near zero (approximately at time t = 5s), are
depicted in Fig. 7 (c).
In Figure 8 we show another formation experiment in
which the team converges to a mirror configuration. Figure 8
(a) shows the desired configuration with a T shape and Fig. 8
(d) the initial configuration. After running the controller, the
team reaches the configuration in Fig. 8 (e) where it can be
seen that the inter-robot distances are preserved but robots
2 (blue) and 3 (green) are mirrored. Each robot individually
detects this situation and execute the prespecified relabelling
which changes the role of robots 2 and 3. This change can
be observed in Fig. 8 (c) at time 7, where there is a spike on
the angular velocity of several robots. The final configuration
is shown in Fig. 8 (f) where the pattern with the change of
roles is correct.
VII. C ONCLUSIONS
In this paper we have analyzed the formation control
problem with a team of non-holonomic robots without global

information. Both the formation and the control design are
defined by means of the relative positions and orientations
of the robots with respect to each other. We have started
considering holonomic robots, combining a distance-based
position control with a new angular velocity design, showing
convergence to the desired configuration. In the case of
achiral formations, the possible convergence to a mirror
pattern has been overcome by a role change of the robots. In
a second stage, we have exploited the independence of the
robot orientations in the holonomic case to present a nonholonomic control strategy to reach the desired formation.
Simulation results and experiments with real robots have
been used to show the behavior of our proposed control
strategy.
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