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Abstract— We consider controlling a heterogeneous stochastic
growth process defined on a lattice with a control resource
constraint. We address heterogeneous effects in three respects:
(i) the process grows at different rates for different directions
on the lattice, (ii) the nodes of the lattice may have different
dynamics, and (iii) nodes may have different priorities for control. We use a forest wildfire driven by a west-to-east wind near
an urban region to illustrate our approach, where preserving
the urban region is prioritized over the forest. We leverage
the Galton-Watson branching process as an approximation
to predict the process growth rate and stopping time and
to construct effective control policies. Our approach is also
applicable to processes with an underlying graph structure,
such as robot swarms, disease epidemics, computer viruses, and
social networks. In contrast to prior work, we directly address
heterogeneous models and our framework allows for a broader
class of control policy descriptions. Lastly, we characterize
the conditions under which a control policy will stabilize a
supercritical heterogeneous growth process.

Fig. 1: A forest wildfire (red are fires, black are burnt
areas) threatening a forest (green) and an urban region (light
brown). We use branching processes as an approximation
to predict relevant quantities, such as growth rate, and
build effective constrained control policies for heterogeneous
stochastic growth processes.

I. I NTRODUCTION
We consider controlling a class of discrete time, discrete
space, stochastic processes represented by a lattice structure.
Each node on the lattice is a Markov process whose dynamics
are influenced by its neighbors on the lattice. Many largescale spatial spreading phenomena are described by this class
of models, including forest wildfires, robot swarms, disease
epidemics, computer viruses, and social networks [1]–[5].
Many of these processes naturally contain heterogeneous
properties and we directly consider two types of heterogeneity. First, the stochastic process may propagate at different
rates in different directions on the lattice. Second, each node
on the lattice may have a unique discrete space, discrete time,
Markov model describing its state evolution.
There is significant interest in the control of stochastic
growth processes. In California, 10 of the 20 most destructive
wildfires in state history have occurred within the last four
years, including the current most destructive wildfire in
November 2018 [6]. In addition, the number of wildfires and
their intensity will increase in the US [7]. Similarly, largescale outbreaks of infectious diseases will likely increase
due to many factors, such as increased global travel and
urbanization [8].
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We therefore specifically address applying control actions
with a limited control resource constraint. Controlling natural
phenomena is only meaningful with a resource constraint as
typically the unconstrained policy is straightforward, e.g.,
applying fire retardant to all trees in a forest at every time
interval or providing medicine to every person in a country
at every time interval. While our framework is capable of describing any graph-based growth process, several quantities
depend directly on the specific model formulation. Therefore,
we use a heterogeneous forest wildfire process on a lattice
as an example to illustrate our approach; see Fig. 1.
Our framework is predicated on using the Galton-Watson
branching process as an approximation to forecast the
process growth over several time intervals. Using these
quantities, policies can prioritize nodes to achieve multiple
control objectives. For the forest wildfire, we prioritize the
preservation of urban areas over the containment of fire in
the forest. We also draw connections to bond percolation
from statistical physics to analyze the process stability. While
there is significant literature on using lattice-based models for
natural phenomena, there is limited work on the constrained
control problem for very large model descriptions. In contrast
to relevant prior work, we are able to model and control
heterogeneous processes with resource constraints.
The main contributions of this work are: 1) We describe
the map of a heterogeneous lattice-based Markov process
to the bond percolation model; 2) We build a model approximation using branching processes to estimate process
properties; 3) We develop novel policies that suppress a

growth process under resource constraints; 4) We provide
conditions for a policy to stabilize the process; 5) We show
our approach significantly outperforms previous methods on
a forest wildfire model with 101255 states.
The remainder of this work is organized as follows.
Section II reviews relevant prior work. We introduce a latticebased Markov model of a heterogeneous forest wildfire process and then describe mapping this model to bond percolation in Section III. In Section IV we create an approximation
framework based on the Galton-Watson branching process to
predict relevant quantities of the stochastic growth process.
In Section V we propose control policies based on the
process approximation and discuss conditions under which
a policy will stabilize the original process. We demonstrate
our approach in comparison to prior work with simulations in
Section VI and provide concluding remarks in Section VII.
II. P RIOR W ORK
The control of stochastic processes with limited resources
and large state and action spaces has been studied in several
areas. Frameworks have been introduced to generate policies
for Markov models with large state and action spaces,
including factored MDPs and graph-based MDPs (GMDPs)
[9], [10]. In general, linear programming approaches are
used for the unconstrained problem [11]–[13]. In previous
work [14], we extended the GMDP framework to scale to
large state and actions spaces while still respecting control
constraints. However, this approach requires assumptions on
transition distribution, which we do not require for this work.
Constrained MDP formulations include explicit control constraints and several approximate methods have been proposed
[15]–[19]. However, these methods are not suitable for large
models due to their computational complexity. In contrast,
our approach satisfies a resource limit and scales easily to
large models by introducing a model approximation.
Stochastic processes on a lattice can be viewed as a
process on a complex network and control methods have
been proposed in this field; a recent survey is [20]. However,
these methods are most appropriate for continuous-time
dynamical systems models and many do not scale to large
models. We instead focus on discrete time, discrete space,
models to develop a tractable approach.
Percolation models have been studied extensively but
have been used almost exclusively for modeling phenomena without control, such as in physics, materials science,
and others [21]–[23]. Notable exceptions are [24], [25],
which first proposed control policies within the percolation
model framework. However, these works are limited to
the homogeneous case which greatly simplifies the model
and policy analysis. We significantly extend this work by
directly addressing heterogeneous processes and we allow
for general randomized and deterministic policy descriptions.
In addition, while [25] develops a model approximation
to analyze the stability of a policy, we create a different
approximation that allows us to predict quantities of the
stochastic process.

TABLE I: Tree transition probabilities for wildfire model.
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III. M ODELING
We describe a lattice-based Markov model of a heterogeneous forest wildfire process and then discuss mapping this
model to bond percolation on the square lattice.
A. Lattice-based Markov Model
The forest is modeled as a finite 2D lattice. The state
of lattice node i at time t is represented by xti and the set
N (i) refers to the lattice neighbors of node i. The state of all
nodes on the lattice at time t is represented by xt = {xti ∀i}.
There are two types of nodes, a tree and an urban area. The
dynamics of both types are represented by a discrete space,
discrete time, Markov model. A tree has three possible states,
xti ∈ {Healthy, On Fire, Burnt} = {H, F, B}.
A healthy tree remains healthy unless at least one neighboring node is on fire, in which case the parameter 0 ≤ αi ≤ 1
determines the likelihood that the tree will be on fire at the
next time interval. This transition is based on the number of
neighboring trees or urban areas on fire,
X
fit =
1F (xtj ),
j∈N (i)

where the notation 1A (y) represents the indicator function
which is one when y ∈ A and zero otherwise. A tree on fire
remains on fire with likelihood determined by the parameter
0 ≤ βi ≤ 1. Lastly, a burnt tree remains burnt for all time.
Control actions at each time interval are binary, ati ∈
{0, 1}, and reflect the choice of whether or not to treat a
tree or urban area. For a tree on fire, choosing to treat a tree
decreases the likelihood that it will remain on fire by ∆βi
where 0 ≤ ∆βi ≤ βi . We assume that choosing to treat a
healthy tree or a burnt tree has no effect. Table I summarizes
the dynamics of trees. An urban area has four possible states,
xti ∈ {Healthy, On Fire, Burnt, Removed} = {H, F, B, R}.
The dynamics for an urban area are similar to the tree dynamics and the values αi and βi parameterize the transition
probabilities; the main difference is the control of healthy
urban areas. Treating a healthy urban area removes it from
the lattice: it is no longer capable of catching on fire or
spreading fire to other trees or urban areas. This represents
a controlled burn or structure removal that firefighters use to
limit the spread of a wildfire. In addition, treating an urban
area on fire increases the likelihood it burns out. Table II
summarizes the dynamics of urban areas. By choosing nonuniform values of αi and βi across the lattice, the wildfire
will propagate at different rates in different directions. Next,
we define a control model for the Markov process.

TABLE II: Urban area transition probabilities for wildfire model. Blank entries are zero.
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B. Control Model
We assume there are a limited number C of robotic agents
available to apply control at each time interval t. A control
policy assigns these agents to at most C unique nodes on the
lattice to apply treatment. For trees or urban areas on fire,
the result is a reduction of βi by ∆βi = ∆β ∀i, which is
independent of the node type (tree or urban area) and identity
i. The agents move faster than the spread of the wildfire and
thus are able to apply treatment instantly.
C. Heterogeneous Bond Percolation
We now introduce the bond percolation model to analyze
the lattice-based Markov model behavior as a function of
the parameters αi and βi and the control policy. The 2D
bond percolation model consists of nodes on an infinite
square lattice where a bond exists between two nodes with a
probability independent of other nodes [21]; this probability
is called the bond percolation parameter. There exists a
critical value for this parameter above which there is a path
of connected nodes of infinite length [26], [27].
The forest wildfire, and other stochastic growth processes,
are considered bond percolation with persistence [2]. For a
wildfire, the “persistence” nature is due to nodes on fire
being able to spread fire over multiple time intervals until
it transitions to burnt or there are no healthy neighbors.
The bond percolation parameter for two nodes i and
j is denoted by pij . For the wildfire process, consider
two neighboring nodes where node i is on fire and node
j ∈ N (i) is healthy; the node type does not modify the
following derivation. In the absence of control, ati = 0 ∀i,
the probability that node i never causes node j to transition
to on fire is,
1 − pij =
=
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Given a lattice-based model, the parameter pij is computed
for all pairs of nodes and represents the likelihood of fire
continuing to spread if the node i were to catch on fire.
The following theorem provides conditions for two types of
process behavior for percolation models.
Theorem 1 (Theorems 3.1, 3.2 in [27]). Let G = (V, E)
be a countably infinite connected graph, with vertex set V
and edge set E, that represents the square lattice. Let p0 =
{p0e ∈ [0, 1] | e ∈ E} be the set of percolation parameters
where one parameter is associated with each edge.
(i) If,
1
(2)
∀e ∈ E p0e ≤ ,
2
there exists almost surely (a.s.) no infinite cluster.
(ii) If there exists δ > 0 such that,
1
+ δ,
2
then there exists a.s. exactly one infinite cluster.
∀e ∈ E

p0e ≥

(3)

t=1

The parameter p0e , which is associated with a graph edge,
is equivalent to the parameter pij , which is computed for
a pair of lattice nodes by (1). For the wildfire process, a
“cluster” is a subset of nodes that are either on fire or burnt
and a path exists between any two nodes. Therefore, we refer
to a process as subcritical if the condition (2) is met as the
majority of trees and urban areas are not expected to be
eventually burnt. Conversely, a process is supercritical if the
condition (3) is met and the majority of trees and urban areas
are expected to be eventually burnt.
While Theorem 1 is valid for infinite square lattices, very
large finite lattices exhibit similar behavior. We also include
finite lattice effects in our model approximation. Given
Theorem 1, the following theorem relates model parameters
to a supercritical wildfire.

(1 − βi )(1 − αj )
,
1 − βi (1 − αj )

Theorem 2 (Critical Parameters for Percolation). If there
exists a δ > 0 such that,

∞
X

βit−1 (1 − βi )(1 − αj )t

based on the dynamics in Tables I and II. After algebraic
manipulation,
αj
pij (αj , βi ) =
.
(1)
1 − (1 − αj )βi
In general, pij 6= pji , due to the potential uniqueness of
αi and βi for different nodes. This property is a significant
difference from the homogeneous case where pij = pji =
p ∀i, j. We build a model approximation that directly addresses the uniqueness of the percolation parameter, which
we present in Section IV.

∀i, j

αj
1
≥ + δ,
1 − (1 − αj )βi
2

(4)

then the forest wildfire process is supercritical.
Proof. For a pair of nodes on the lattice the equivalent
percolation parameter is determined by (1). The statement
then follows from (3) in Theorem 1.
The Markov model defined in the previous section describes the probabilistic state evolution of individual nodes.
The percolation model, in contrast, specifies a “spreading”

probability between nodes and then characterizes the resulting process. Theorem 2 provides a bridge between these two
modeling perspectives.
Thus far, we have discussed the properties of the latticebased Markov model in the absence of control. In the context
of classical linear feedback control, the open-loop process
dynamics are unstable without control when the condition
in (3) is met. Feedback control is then used to produce a
closed-loop system which is stable. Control actions reduce
the percolation parameter pij by modifying the dynamics of
the Markov model and if the condition in (2) is met then the
system is stable. Therefore, one possible control objective
is to stabilize a heterogeneous growth process, which we
discuss further in Section V.
Based on Tables I and II, there are two cases to consider
for the influence of control actions, depending on whether
fire may spread to a healthy tree or a healthy urban area.
If node i is on fire (either a tree or an urban area) and
its neighbor node j is a healthy tree, then the change in
percolation parameter is computed using (1) as,
∆pij,1 (ati , atj ) = pij (αj , βi ) − pij (αj , βi − ∆βi ati ),
since a healthy tree is not influenced by control. If node i is
on fire and its neighbor node j is a healthy urban area,
∆pij,2 (ati , atj ) = pij (αj , βi ) − pij (αj (1 − atj ), βi − ∆βi ati ),
since urban areas can be removed from the lattice. The effect
of control in the percolation model is thus,
∆pij (ati , atj ) =

t t
t
t

∆pij,1 (ai , aj ) if xi = F, xj = H, j is a tree
∆pij,2 (ati , atj ) if xti = F, xtj = H, j is an urban area


0
otherwise
(5)
for the wildfire process. Lastly, we note that at each time
interval there is a limited subset of lattice nodes that contribute to the continued spread of the process. For the forest
wildfire, these are the nodes that are on fire and have at least
one healthy neighbor.
Definition 1 (Growth Boundary). A node on the lattice is
part of the growth boundary B t at interval t if it is on fire,
xti = F , and at least one neighbor is healthy,
X
hti =
1H (xtj ) > 0.
(6)
j∈N (i)

In the next section, we introduce the Galton-Watson
branching process to predict the expected future size and
stopping time for a stochastic growth process on a finite
lattice.
IV. G ALTON -WATSON B RANCHING P ROCESS M ODEL
The Galton-Watson branching process has been used to
model population dynamics and is defined on a directed
acyclic graph [28]. The graph starts with a single (root)
node that produces a limited number of children with a
prescribed probability distribution. These children become
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Fig. 2: Example lattice state xt for the wildfire process where
green represents healthy trees, red are on fire, and black
are burnt. The orange line indicates the boundary B t . The
branching process model is illustrated for nodes i and j
where arrows indicate the possible growth of the process in
one and two generations, which is analogous to a prediction
of one and two future time intervals. Other node labels
contain the boundary node, generation number, and a unique
identifier, e.g., j:1,2 refers to the second node that node j
could spread to in one generation. One node has two labels
due to the branching process model; see Fig. 3.

the next parents that can produce another group of children.
The graph is organized by generations, which includes a set
of parents, the number of children they can produce, and the
probability distribution for producing children.
For the wildfire process, we use a branching process to
represent the spreading dynamics of each node in the boundary B t at each time interval. The first children are healthy
nodes that may transition to on fire due to the boundary node.
These children then become the next set of parents that may
further spread fire to additional healthy nodes. Therefore, the
parent nodes in each generation represent the nodes that may
form part of the boundary at future time intervals.
Percolation on a lattice is not a branching process as there
are multiple paths between any two nodes on the lattice.
To compute the likelihood of the true process spreading
further, it is necessary to enumerate a combinatorial number
of paths on the lattice which is not feasible. Therefore, we
instead assume each boundary node is a branching process
that ignores how other boundary nodes may spread.
Let GW i be a heterogeneous Galton-Watson (GW)
branching process associated with boundary node i ∈ B t at
interval t; see Fig. 2. Each generation n of the GW i process
has an associated (potentially unique) children distribution
Yi,n . The quantity Zi,n describes the expected size of the
nth generation with Zi,0 = 1. We refer to the collection of
processes as GW Bt = {GW i | i ∈ B t }. The benefit of
using GW processes is the simplicity in computing statistics
of each generation [29]. The probability that process GW i

Algorithm 1 Branching Process Model
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Fig. 3: Equivalent branching process representation for
boundary node j in Fig. 2. The node with two labels in Fig. 2
is considered two unique nodes (here, j:2,3 and j:2,4)
for the branching model to avoid cycles in the graph. Note
that p23 may not equal p24 due to the differentPparent nodes
2
as indicated by (1). Without control, dj,1 = 12 k=1 p1k and
P
6
bj,1 = 2 for generation one and dj,2 = 61 k=1 p2k and
bj,2 = 3 for generation two.
stops at generation n is,
si,n = P[Zi,n = 0] = gi,1 (gi,2 (· · · gi,n (0))),
where gi,j is the probability generating function (PGF),
gi,n (x) =

∞
X

P[Yi,n = k]xk .

k=0

The expected size of each generation is,
E[Zi,n ] =

n
Y

E[Yi,j ].

j=1

To predict the process growth using GW processes, we
must specify the possible children for each parent and
the probability distribution for producing children within
each generation. In the wildfire model, this corresponds to
determining how fire may spread given a lattice state xt and
how likely fire will propagate to different healthy nodes. We
first define a function to specify the children of a parent.
Definition 2 (Node Children). For the wildfire model with
lattice state xt , the children of a node are the neighbor nodes
that are healthy,
C t (i) = {j | j ∈ N (i) and xtj = H}.
When determining the children of parent nodes, nodes that
are contained in a previous generation as parents are ignored
to prevent cycles in the process. For the wildfire process, we
use the binomial distribution to specify the the likelihood of
fire spreading and so,
gi,n (x) = (1 + (x − 1)di,n )bi,n
E[Yi,n ] = bi,n di,n
where we call di,n the child rate and bi,n the branching
factor. The child rate is based on the percolation parameter
to capture the heterogeneous nature of the process,
P
P
t
t
r∈Pn−1
c∈C t (r) prc − ∆prc (ar , ac )
P
di,n =
, (7)
t
r∈Pn−1 |C (r)|

1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:

Input: Lattice state xt , control policy
Output: Predicted boundary size and stopping time
Determine growth boundary B t
Associate a GW process with each node in B t
for j = 1, . . . , n generations do
for each process GW i , i ∈ B t do
Determine children of generation j
Calculate child rate di,j with policy (7)
Calculate branching factor bi,j (8)
Add unique children as parents of next generation
Compute stopping time sBt ,j (9)
Compute expected boundary size E[ZBt ,j ] (10)

where Pn−1 refers to the set of parent nodes of generation
n − 1. The branching factor is then the ratio,
P
t
r∈Pn−1 |C (r)|
.
(8)
bi,n =
|Pn−1 |
Finally, for the set of GW processes GW Bt ,
Y
sBt ,n =
si,n

(9)

i∈Bt

E[ZBt ,n ] =

X

E[Zi,n ]

(10)

i∈Bt

are the stopping probability and expected number of nodes
on fire at generation n, respectively. Predicting over multiple generations using branching processes corresponds to
predicting the process growth over multiple time intervals.
Fig. 3 shows the GW process approximation of a boundary
node for the example lattice state in Fig. 2. The root node,
which is also the parent of generation one, is the node on
fire itself. The children of generation one are j:1,1 and
j:1,2 and each may have a unique percolation parameter.
The number of children and the percolation parameters are
used to determine the child rate (7) and branching factor (8).
The same process repeats for the second generation with the
children of generation one now serving as the parents. In this
example, there is also a shared child that is double-counted
in generation two which is necessary to prevent graph cycles.
Algorithm 1 summarizes the use of the GW process
approximation for each time interval. Since the boundary
B t is not known exactly after the first generation, the
estimated quantities (9) and (10) are used with the policy
(line 8). For example, the UBT policy (Section V) uses the
known quantity |B t | for the the first generation and then the
generated estimate E[ZBt ,j ] for subsequent generations.
By predicting the process growth over multiple generations, it is possible to build more effective policies. For example, in Fig. 2, the boundary node i will stop spreading after
two generations with probability one. Therefore, this node
can safely be ignored and control resources should instead
be used for other nodes. In the next section, we introduce
control policies that satisfy a resource limit and characterize
the conditions for a policy to stabilize a supercritical process.

V. C ONTROL P OLICIES

Algorithm 2 Estimated Volatility

We first define two benchmark randomized policies based
on previous work. All of the following
P policies strictly satisfy
a resource limit C ≥ 0, so that i ati ≤ C ∀t.

function Vest (r, k)
P
t (r) prc
2:
if k = 0 then return c∈C
|C t (r)|
P
3:
else return c∈C t (r) Vest (c, k − 1)

Definition 3 (Uniform Boundary Treatment (UBT) [24]).
Choose C fires in the boundary B t with uniform probability
to treat at each time interval.

Algorithm 3 Urban Safety Treatment (UST)

Definition 4 (Degree Weighted Treatment (DWT) [14]).
Choose C fires in the boundary B t with probability,
hti
P

i∈Bt

hti

,

at each time interval, where hti is the number of healthy
neighbors (6). The quantity hti can be interpreted as the outdegree of each boundary node.
Next, we define two novel deterministic control policies.
The first policy, receding horizon treatment (RHT), uses
the percolation parameters over multiple generations of a
boundary node to estimate its rate of growth, which we call
the “volatility” of a node on fire.
Definition 5 (Receding Horizon Treatment (RHT)). Rank
all nodes in the boundary B t in order of highest to lowest
estimated volatility (Algorithm 2) where the parameter k is
the number of generations to consider. Treat C nodes on fire
with the highest estimated volatility at each time interval.
The second policy, Urban Safety Treatment (UST), is
summarized in Algorithm 3. This policy first checks if any
node on the boundary B t , after predicting k generations, will
include an urban area. If so, the urban areas are ranked,
in order of highest to lowest, by the number of boundary
nodes that included a given urban area in their associated
branching process. Up to C urban areas are then removed.
Any remaining control is used to treat nodes on fire in the
boundary. The ordering of boundary nodes includes their
proximity to the right-most lattice edge (line 4) due to the
arrangement of urban areas on the lattice; see Section VI.
Lastly, if urban areas are removed, then nodes on fire
with low volatility (line 3) are ignored. This is intended to
eliminate boundary nodes that will stop spreading fire after
k generations; an example of this is node i in Fig. 2.
Given a control policy, a relevant question is whether
or not the policy will change a supercritical process to a
subcritical one. The following theorem provides a condition
for a policy to be considered stabilizing.
Theorem 3 (Stabilizing Policy). A policy is stabilizing if,
1
∀t ∀i ∈ B , j ∈ N (i) : pij −
≤ . (11)
2
Proof. By (2), a policy must reduce the percolation parameter below 21 in order to change a supercritical process to a
subcritical process. Consider the lattice state xt at interval t.
Any node that is not part of the boundary B t cannot spread
fire to a healthy node in which case pij = 0. Therefore, the
policy must modify the percolation parameter of all nodes
t

∆pij (ati , atj )

1:

if fire can reach an urban area in k generations then
Remove up to C urban areas that are reachable by
at least one fire, with priority determined by the
number of fires that reach a given urban area.
3:
Remove fires with Vest < k from consideration for
treatment with remaining control.
4: Use remaining control to treat nodes in the boundary B t with the highest ranking according to,
1) proximity to the right-most lattice edge and,
2) estimated volatility (Algorithm 2).
1:

2:

that can spread fire, which by definition are those in the
boundary B t , to satisfy (2) at t. Thus, if the policy achieves
this for all time intervals t, then (2) is always satisfied, and
the statement follows.
Analysis of policies using Theorem 3 must be done on a
case by case basis as it depends on the policy description.
For the UBT policy, only nodes on fire in the boundary will
be treated so atj = 0 ∀t in (5). At each interval t, this policy
chooses boundary nodes with uniform probability without
replacement and so each node has probability C/|B t | of
being treated. Therefore, if the following holds,
∀t ∀i ∈ B t , j ∈ N (i) : pij −

C
1
∆pij (ati = 1, atj = 0) ≤ ,
t
|B |
2

then the UBT policy is stabilizing according to Theorem 3.
While this condition cannot be computed a priori, it can serve
as real-time feedback to indicate if the resource limit C is
insufficient to stabilize the process.
For the DWT policy, there is no simple analytical description of the probability for weighted sampling without
replacement [30]. For the DWT, RHT, and UST policies,
(11) must be evaluated at each time interval to determine if
each policy is stabilizing. We present simulation results for
the previously described policies in the next section.
VI. E XPERIMENTS
A. Model, Policy, and Simulation Parameters
The lattice is a square of size 50×50 nodes. The right edge
is composed of 500 urban areas and the remaining nodes are
trees. Each simulation is initialized with fires at the center
as shown in Fig. 4. The initial set of fires was chosen so that
at the first time interval, there are a number of “interior”
fires which will only spread for a few time intervals before
extinguishing. The parameters αi and βi were varied across
the lattice as shown in Fig. 5 and the control effectiveness
parameter was set to ∆β = 0.35.

TABLE III: Simulation results for resource limit C = 6 and
1, 000 simulations. The median fraction of removed urban
areas for the UST policy is 3.10%.
Method

Fig. 4: (both) green nodes are healthy trees, red are on
fire, black are burnt, and light brown are healthy urban
areas. (left) Initial condition for simulations. (right) Example
snapshot of the UST policy where purple indicates removed
urban areas. By removing urban areas, the UST policy
prevents other urban areas from catching on fire.

No Control
UBT
DWT
RHT k = 1
k=3
UST

0.90

0.375
0.350

0.88

0.325
0.300

0.86

0.275
0.250

0.84

Median Remaining
Healthy Urban Areas (%)

3.80
13.25
16.32
22.78
38.02
38.78

0.00
0.02
0.20
1.00
0.60
96.90

TABLE IV: Simulation results for resource limit C = 10 and
1, 000 simulations. The median fraction of removed urban
areas for the UST policy is 0.40%.
Method

0.400

Median Remaining
Healthy Trees (%)

No Control
UBT
DWT
RHT k = 1
k=3
UST

Median Remaining
Healthy Trees (%)

Median Remaining
Healthy Urban Areas (%)

3.80
56.07
85.42
88.27
90.70
88.90

0.00
1.80
98.90
100.00
100.00
99.60

0.225
0.200

0.82

Fig. 5: (left) Values of αi for all nodes on the lattice. (right)
Values of βi for all nodes on the lattice. These parameter
values correspond to a supercritical forest wildfire.

A total of 1, 000 total simulations were run with two
different resource limits, C = 6 and C = 10, for each policy.
For a given policy, the fraction of remaining healthy trees
and remaining healthy urban areas were recorded at the end
of each simulation run. Simulations ended when there were
no more nodes on fire. For the UST policy, the fraction of
removed urban areas was also recorded. For the RHT policy,
two horizons were tested, k = 1 and k = 3, and for the UST
policy the horizon was k = 5.
B. Results
Tables III and IV present the median of the results and
Fig. 6 provides the full distribution of the results for each
policy. Without control, the process is supercritical and
Tables III and IV show that the majority of the nodes are
eventually burnt.
The UBT and DWT policies are not very effective with
the lower resource limit C = 6 as they do not account
for heterogeneous properties or for potential interior fires.
However, with the increased capacity C = 10 these policies
are more successful and are able to preserve more trees
and urban areas. The RHT policy easily outperforms the
UBT and DWT policies for both resource limits due to
directly considering differences in the percolation parameter.
However, this policy is only effective in preserving urban
areas for the higher resource limit. In contrast, the UST
policy is either equally or more effective than all other

policies in preserving both trees and urban areas. Even for a
low resource limit, UST preserves the majority of urban areas
as desired. Fig. 4 shows an example snapshot of the lattice
state for a single simulation while using the UST policy.
The policy starts to remove urban areas once fire spreads
too closely thus preventing urban areas from being burnt.
The distributions of the results, shown in Fig. 6, show that
the median does not adequately capture the performance of
each policy. All policies have large variance, although the
RHT and UST policies significantly improve the likelihood
that a majority of trees and urban areas are preserved.
Only the UST policy reliably preserves urban areas for both
resource limits as evidenced by the much lower variance,
although this comes with the trade off of more trees being
burnt and some urban areas being removed. Fig. 6 also
provides a sense of how many times a given policy was
stabilizing for all time intervals. Policies with large variance
in the results did not frequently meet the requirements of
Theorem 3 over 1, 000 simulations.
VII. C ONCLUSIONS
In this work, we developed a framework for heterogeneous stochastic growth processes to predict relevant process
quantities and implement general stochastic and deterministic
policies with resource limits. The core of the framework
is based on using branching processes, which allow for
straightforward calculation of useful statistics, to approximate percolation on a lattice and generate effective control
policies. We also characterized conditions for a process to
be supercritical and for a control policy to stabilize the
process, i.e., modify the process to the subcritical case.
For future work, we plan to demonstrate our approach on
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Fig. 6: Box and whisker plots of the simulation results for
resource limit C = 6 (top) and C = 10 (bottom) for different
policies. The whiskers represent the minimum and maximum
and the box shows the first quartile, mean, median, and
third quartile. Only the UST policy is capable of reliably
preserving the urban areas as other policies show a large
variance in their performance.

other application domains. In addition, it would be valuable
to develop conditions to determine the likelihood a control
policy will be stabilizing a priori. We are also investigating
modifications of the agent model for scenarios where the
agent travel time is not faster than the process and control
cannot be arbitrarily applied anywhere on the lattice at each
time interval.
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